Quantum Hall system in Tao-Thouless limit 
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We consider spin-polarized electrons in a single Landau level on a torus. The quantum Hall 
problem is mapped onto a one-dimensional lattice model with lattice constant 2ir/L\, where L\ is 
a circumference of the torus (in units of the magnetic length). In the Tao-Thouless limit, L\ — > 0, 
the interacting many-electron problem is exactly diagonalized at any rational filling factor v — 
p/q < 1- For odd q, the ground state has the same qualitative properties as a bulk (Li — ► oo) 
quantum Hall hierarchy state and the lowest energy quasiparticle exitations have the same fractional 
charges as in the bulk. These states are the L\ —> limits of the Laughlin/Jain wave functions for 
filling fractions where these exist. We argue that the exact solutions generically, for odd q, are 
continuously connected to the two-dimensional bulk quantum Hall hierarchy states, ie that there 
is no phase transition as L\ — > oo for filling factors where such states can be observed. For even 
denominator fractions, a phase transition occurs as L\ increases. For v = 1/2 this leads to the 
system being mapped onto a Luttinger liquid of neutral particles at small but finite Li, this then 
develops continuously into the composite fermion wave function that is believed to describe the bulk 
v — 1/2 system. The analysis generalizes to non-abelian quantum Hall states. 

PACS numbers: 73.43.Cd, 71.10.Pm, 75.10.Pq 



I. INTRODUCTION 



The two-dimensional electron gas in a perpendicular 
magnetic field, the quantum Hall (QH) system, is re- 
markably rich. The integer QH effect shows a conduc- 
tance precisely quantized in integer units of e 2 jh and 
in the fractional QH regime the conductance is quantized 
in fractions of e 2 /h and there are fractionally charged 
quasiparticles that obey (abelian) fractional statistics 
@i SHI ■ Whereas the integer effect can be understood 
in terms of non- interacting electrons [5, 6], the fractional 
effect is caused by the interaction between the electrons 
0- Other states observed in this strongly correlated 
electron system are metallic states that resemble a free 
two-dimensional Fermi gas [U, 0, [T^] and inhomogenous 
striped states in higher Landau levels [ll], [T2|- A fur- 
ther example of an exotic quantum state that may form 
is a non-abelian state where the quasiparticles obey non- 
abelian fractional statistics [H], [lj, [l5[ . 

The fractional QH effect is understood as an incom- 
pressible quantum liquid with fractionally charged quasi- 
particles; this is based on Laughlin's wave functions for 
filling fractions v = l/(2m +1) For other fractions, 
a hierarchy construction where quasiparticles condense 
to form new quantum liquids just as electrons form the 
Laughlin states was proposed by Haldane Laughlin 
[ItJ and by Halperin [la ]. An alternative view, where 
electrons supposedly capture magnetic flux to form com- 
posite fermions that see a reduced magnetic field was 
developed by Jain [l9|, [2(| HH, H2] . Successful mean field 
theories that su ppo rt this idea of flux attachment have 
been developed [23, [24], [25| . The composite fermion ap- 
proach has received strong support by experiments per- 
formed in the half-filled Landau level. Near v = 1/2, 



ballistic transport is consistent with particles moving in 
a reduced magnetic field in accordan ce w ith the com- 
posite fermion prediction [H, H3, [H[ . [HI] At v = 1/2, 
the external magnetic field is completely absorbed by the 
electrons and the composite fermions see no magnetic 
field — they form a two-dimensional Fermi gas. The mean 
field theory of this state [2t| [3(| is in excellent agreement 
with surface acoustic wave experiments 0, |3l| . 

In spite of these impressive results it is our opinion 
that there are basic questio ns co ncerning the QH system 
that remain to be answered. [l!5j Most importantly, a mi- 
croscopic understanding is lacking. It is true that good 
many-body wave functions exist, but there is no micro- 
scopic understanding or derivation of them. For example, 
according to the composite fermion picture the fractional 
QH ground state is formed when composite fermions fill 
an integer number of effective Landau levels in the re- 
duced magnetic field. No derivation of this scenario from 
the many body wave function exists. Mean field theory, 
which is successful, does give support to the idea of elec- 
trons binding flux quanta; however, it is not understood 
why mean field theory works as well as it does. A further 
question is the relation between the original hierarchy 
description and composite fermions; are they alternative 
descriptions of the same thing as argued by Read (33j 
and by Blok and Wen (34|, or are they fundamentally 
different as argued by Jain [2(J Hi], [HJ? Our aim is 
to contribute to a solution to these problems. 

In this article we consider spin-polarized interacting 
electrons within a single Landau level. It has recently 
been realized that there is a limit in which this prob- 
lem can be exactly solved for any rational filling factor 
v = p/q < 1 — and that the solution is physically rele- 
vant [33, HE [37], [H, HH. We here expand on, and pro- 
vide details of, our work presented in Refs. [3f| HH. We 
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consider the interacting electron gas on a torus where it 
becomes equivalent to a one-dimensional lattice model 
with a complicated long-range interaction. The solvable 
limit is the thin torus: L\ — > 0, where L\ is one of the 
circumferences of the torus (the other circumference be- 
ing infinite). In this limit the interaction in the one- 
dimensional lattice problem becomes purely electrostatic 
and the ground state is a " crystal" of electrons occupying 
fixed positions on the lattice as far apart from each other 
as possible. For v = 1/3 every third site is occupied; 
interestingly enough this is the state introduced by Tao 
and Thouless in 1983 to explain the fractional QH effect 
[ifj ] and we call these crystal states Tao-Thouless (TT) 
states. The fractionally charged quasiparticles are do- 
main walls separating the degenerate ground states that 
exist on the torus. 

It should be noted that the mapping of the lowest Lan- 
dau level, or of any single Landau level for that matter, 
onto a one dimensional lattice problem is exact and that 
varying L\ may alternatively be thought of as varying a 
parameter in the hamiltonian that controls the range of 
the interaction while keeping the two-dimensional space 
fixed (and possibly infinite). To stress this we refer to 
the thin limit as the Tao-Thouless (TT) limit. If the 
ground state in the TT-limit remains the ground state as 
L\ — > oo we may thus conclude that the experimentally 
accessible ground state is adiabatically connected to the 
ground state in the TT-limit. 

The simple limit L\ — > may at first seem to be of 
little physical interest — it is really an extreme case: the 
interaction is both very short range and anisotropic and 
is furthermore purely electrostatic. The surprising fact 
is that the ground state in this limit has all the qualita- 
tive properties of a fractional quantum Hall state, such as 
a gap, the correct quantum numbers and quasiparticles 
with the correct fractional charge. We argue that the 
simple TT-ground states obtained in the TT-limit de- 
velop continuously, without a phase transition, into the 
fractional QH hierarchy states, as L\ — > oo, for filling 
factors where such states are observed. Thus, we argue 
that the TT-state in general describes the fractional QH 
phase observed as L\ — ► oo, in the sense that these states 
are adiabatically connected. We show that the TT-states 
are the L\ — > limits of the Laughlin and Jain wave 
functions for filling fractions where these exist. In the 
TT-limit the original hierarchy construction is manifest: 
the TT-ground states are condensates of quasiparticles. 

The hierarchy structure of states in the TT-limit has 
recently emerged within a conformal field theory (CFT) 
construction of bulk hierarchy wave functions for all frac- 
tions that are obtained by successive condensation of 
quasielectrons (as opposed to quasiholes) [H, [39[ . These 
wave functions reduce to the correct TT-states in the 
TT-limit and are obtained by a natural generalization 
of the conformal construction of the composite fermion 
wave functions [4l[ . This supports the adiabatic continu- 
ity fro m the TT-limit to the bulk for general hierarchy 
states. 



The TT-states are the ground states also for the even 
denominator fractions in the TT-limit; however, for these 
fractions we claim that there is always a phase transi- 
tion when L\ increases. This is supported by numerical 
studies and by a detailed analysis of v = 1/2, which we 
believe is a representative case for the even denominator 
fractions. 

At v = 1/2, there is a phase transition from the gapped 
TT-state to a one-dimensional gapless state at L\ ~ 5. 
(Lengths are measured in units of the magnetic length, 
£ = \J hc/eB = 1.) Also for this gapless phase there is 
an exact solution: For a hamiltonian that is a good ap- 
proximation at L\ ~ 5, the low energy sector consists 
of non- interacting neutral fcrmions (dipoles); the ground 
state is a one-dimensional Fermi sea and there are gapless 
neutral excitations. This provides an explicit example of 
interacting electrons in a magnetic field being equiva- 
lent to free particles that do not couple to the magnetic 
field. The ground state in the exact solution is a version 
of the composite fermion state [22| given by Rezayi and 
Read [42]. There is strong numerical evidence [36[ that 
this gapless one-dimensional state develops continuously, 
without a phase transition, into the two-dimensional bulk 
version of the Rezayi-Read state that is believed to de- 
scribe the observed metallic state at v = 1/2. 

The Moore- Read pfaffian state [l3j], believed to de- 
scribe the half-filled second Landau level, v = 5/2, also 
exists in the TT-limit. A simple construction gives the 
quarter-charged quasiholes and quasielectrons as domain 
walls between the six-fold degenerate ground states and 
the non-trivial degeneracies for these excitations is ob- 
tained [37L [43| . Similar results for other non-abelian 
states exist 0, HI, [H] ; see also Ref. S3- 

Over the years there have been many interesting at- 
tempts to improve the understanding of the QH system 
and it is impossible to here mention them all. In our work 
what emerges is a one-dimensional theory of the quantum 
Hall system which depends on a dimensionless parameter 
Li, where the Tao-Thouless states [4(| are the exact so- 
lutions as L\ — > and the fractionally charged quasipar- 
ticles are domain walls between the degenerate ground 
states. The TT-states are adiabatically connected to 
bulk QH states as L± — > 00 — there is no phase transi- 
tion if a QH state is observed. Searching the literature 
one finds hints and suggestions for such a scenario. An- 
derson noted in 1983 that Laughlin's wave function has 
a broken discrete symmetry and that the quasiparticles 
are domain walls between the degenerate ground states 
[48| . Furthermore he noted that the TT-state is non- 
orthogonal to the Laughlin state and suggested that it 
can be thought of as a parent state that develops into 
the Laughlin wave function, without a phase transition, 
as the electron-electron interaction is turned on. In 1984, 
Su concluded, based on exact diagonalization of small 
systems on the torus, that the QH state at v = p/q is 
g-fold degenerate and that the lowest energy excitations 
are quasiparticles with charge ±e/g that are domain walls 
between the degenerate ground states [4^, [H3| - In 1994, 
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Rezayi and Haldanc studied the Laughlin wave function 
on a cylinder as a function of its radius and noted that 
it approaches the Tao-Thouless state on the thin cylin- 
der. Implicit in their work is the fact that the Laughlin 
wave function is the exact and unique ground state to a 
short range pseudo-potential interaction on a cylinder for 
any circumference [511 ]. In retrospect, this makes a very 
strong case for an adiabatic evolution from the TT-state 
to the Laughlin wave function. A one-dimensional ap- 
proach to QH states was also considered by Chui in 1985 
[52l HH . More recently, this has been explored in connec- 
tion with Bose-Hubbard models by Heiselberg [54J, and 
it should also be mentioned that Dyakonov presents a 
one-dimensional toy QH- model [13] • 

At v = 1/2, we find that the low energy sector con- 
sists of weakly interacting dipoles. This relates to earlier 
descriptions in terms of dipoles, in particular to the field 
theory of Murthy and Shankar [57|[and the work by Read 
[55I . [5al. Pasquier and Haldane l58ll , Lee [5^] and Stern 
et al [60]; for reviews see Ref. It is of course also 
reminiscent of composite fermions in general [22| in that 
the particles do not couple to the magnetic field and are 
weakly interacting. 

We would also like to draw the attention to the con- 
struction of composite fermion wave functions directly in 
the lowest Landau level by Ginocchio and Haxton [62| . 
the series of work by Wojs, Quinn and collaborators, see 
Ref. [63| and references therein. Explicit wave functions 
have been obtained within the original hierarchy con- 
struction by Greiter [64| . 

The content of the article is as follows. The one- 
dimensional lattice model for interacting electrons in a 
single Landau level is introduced in Sec. [TTJ In Sec. UTT1 
we solve this problem exactly in the TT-limit L\ — > 0, 
ie we diagonalize the interacting electron hamiltonian for 
any rational filling factor in this limit. The ground states 
and the fractionally charged quasiparticles are identified 
and it is found that the former are condensates of the 
latter thus proving the original hierarchy construction 
in this limit (38j . The quasiparticles are domain walls 
between the degenerate ground states and their charge 
is determined by the Su-Schrieffer counting argument. 
The energy of a quasielectron-quasihole pair is deter- 
mined as L\ — ► and it is found that the gap to creating 
an infinitely separated such pair at v = p/q decreases 
monotonously with increasing q but is independent of p; 
this is in surprisingly good agreement with experiments, 
which are performed in the two-dimensional bulk sys- 
tem, L\ — > 00. The Laughlin and Jain fractions, as well 
as those observed by Pan et al [6{| are considered explic- 
itly as examples, and finally the relation to composite 
fermions and emergent Landau levels is commented on. 

The transition to the two-dimensional bulk system as 
L\ — > 00 is considered in Sec. IIV1 first for odd denomi- 
nator fractions leading to the QH hierarchy states, then 
for the half-filled Landau level; comments on other even 
denominator fractions and on non-abclian states are in- 
cluded. The conclusion is that the rich structure and 



different phases of matter present in the QH system ex- 
ist also in the TT-limit, where it can be studied in detail 
starting from a microscopic hamiltonian. 

Technical details are burried in a series of appendices. 
The mathematics that we need for a single Landau level 
on a torus [66] including the construction of the lattice 
hamiltonian is given in Appendix [XJ In Appendix [B] 
we prove that the relaxation procedure given in Sec. 
IIIII actually gives the ground state. In Appendix O 
we show that the quasiparticle charge at v = p/q is 
e* = ±e/<7; the result is obtained in the limit L\ — > us- 
ing the Su-Schireffer counting argument. The energy of a 
quasielectron-quasihole pair is obtained in Appendix [D] 
In Appendix [El we show that the L\ — > limit of Laugh- 
lin's and Jain's wave functions are the TT-ground states 
obtained in Sec. IIIII Appendix [Fl shows that Laughlin's 
wave function at v = l/(2m + 1) is the exact ground 
state, and that there is a gap to excitations, for all L\ for 
a short-range interaction. Appendix [G] contains details 
of the exact solution at v = 1/2. 

II. MODEL 

We consider a single Landau level of spin-polarized 
electrons on a torus with lengths L\, Li in the x and 
y-directions respectively. We use units such that h = 
c/eB = 1 and choose one-particle states ipk, k = 
0, 1, . . . , N s — 1, N s = LxLijlix^ that have x-momentum 
2irk/Li and are gaussians centered at y = —2nk/Li, see 
Appendix [SJ This provides an exact mapping of the 
Landau level onto a one-dimensional lattice model with 
lattice constant 2%/L\, see Fig. [TJ Each site can be either 
empty, 0, or occupied by an electron, 1. Thus a basis of 
many particle states is provided by {\riQn\n2 ■ ■ ■ Un s -i)}, 
where n\ = 0,1; alternatively, states can be character- 
ized by the positions (or, equivalcntly, the x-momenta) 
{fci, &2, ^tv c } of the particles. 




01001001001 



FIG. 1: Mapping of a single Landau level onto a one- 
dimensional lattice model. The two-dimensional space is a 
cylinder with circumference L\ (or a torus if the ends are 
identified) (top panel). The single particle wave functions are 
centered along circles and are gaussians of width one along 
the cylinder (central panel); they are numbered by their mo- 
menta k2n/Li which also give the position along the cylinder. 
This gives a one- dimensional lattice model with lattice con- 
stant 27r 1 ' L\ where each site is either empty (0) or occupied 
by en electron (1). As an example the Tao-Thouless state 001 
at v — 1/3 is shown (bottom panel). 
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A general two-body interaction, V(r), that depends 
on the distance, r, between two electrons only, such as 
a Coulomb or a short-range delta function interaction, 
leads to the one-dimensional hamiltonian 



H = 



n=0 \m\<k<N B /2 



E 



Vkr. 



' C n+7n C n+k Cn + k + mCn 



(1) 



Here cj, creates an electron in state ipk, {ck,c} n } 



0~kr, 



and Vkm = Vk.-m- H consists of the two-body terms 
that preserve the ^-momentum, ie, the position of the 
center of mass of the electron pair, see Fig. [5] Vkm is 
the amplitude for two electrons separated k — m lattice 
constants to hop symmetrically to a separation of k + m 
lattice constants. Vko is the electrostatic repulsion (in- 
cluding the exchange interact ion) between two electrons 
separated k lattice constants. 116 [ 



when acting on any state — this is the g-fold center of mass 
degeneracy. Hence, each energy eigenstate is (at least) 
g-fold degenerate and we choose to characterize it by the 
smallest K\. Thus, the energy eigenstates are character- 
ized by a two-dimensional vector K a = 0, ...,N s /q — 1, 
where e 2mK2q ^ N " j s ^he T% -eigenvalue. 



III. EXACT SOLUTION 

In this section we solve the problem of interacting spin- 
polarized electrons exactly at any rational filling factor 
v = p/q < 1 in the Tao-Thouless limit; we diagonalize the 
hamiltonian |T]) and construct explicitly the ground state 
as well as the low energy charged excitations which turn 
out to have charge ±e/<j. As noted above, the hopping 
elements, Vk m > m ^ 0, vanish rapidly as L\ decreases, 
whereas the electrostatic elements, Vko, decrease much 
more slowly. Hence in the limit L\ effectively only 
the electrostatic interaction survives and the hamiltonian 
([1]) becomes 



FIG. 2: A general translationally invariant two-electron in- 
teraction consists of the terms where two electrons preserve 
the position of their center of mass. There are electrostatic 
terms Vko, where the electrons do not move, and hopping 
terms Vkm, where the electrons hop symmetrically. 

For a given real-space interaction V(r), when L\ is 
small the lattice constant 2ir/Li is large and, hence, 
the dominant Vkm are those with small k, m. Further- 
more, the wave functions Vfe are gaussians in the y- 
direction, with width of the order of the magnetic length, 
hence their overlap vanishes rapidly as L\ — > 0, and 
the electrostatic terms Vko dominate in this limit. The 
physics is thus very simple in the TT-limit L\ — > — 
it is determined by electrostatic repulsion only. In 
the two-dimensional limit, L\ — > oo, the range of the 
one-dimensional interaction measured in number of lat- 
tice constants goes to infinity for any real space two- 
dimensional interaction; this is true also for a local inter- 
action such as V(r) cx \/ 2n S 2 (r). 

The symmetry analysis of many-electron states on the 
torus was given by Haldane [66| ; a simple version adapted 
to our needs can be found in Appendix [A] We give 
here the results. There are two translation operators, 
T a , a = 1,2, that commute with the hamiltonian H; 
they obey TiT 2 = e 27rip / 9 T 2 Ti, see (|A8]) . These opera- 
tors have eigenvalues e 2 ™ K «/ N > , K a = 0, N s - 1. T x 
corresponds to x-translations and K\ = 5Z»=i 1S t nc 
total x-momentum (in units of 2tt / L\). T 2 translates the 
system one lattice constant in the y-direction, ie along 
the one-dimensional lattice and increases K\ by N e . At 
filling factor v = p/q (where p and q are relatively prime) 
T| commutes with T\: {H, Ti,T|} is a maximal set of 
commuting operators. T 2 ,k = 0, 1, ...q— 1, generate 
q degenerate orthogonal states, which have different K\, 



Hn = 



N s -1 

E E r 

i=0 l<k<N s /2 



V k( . 



nin i+k 



(2) 



where hi = c|c, and periodic boundary conditions have 
been imposed, hi + N a = hi. Hq in ^ defines the Tao- 
Thouless limit. At filling fraction v = p/q = N e /N s , the 
energy eigenstates are simply the states 



{\n ni . . .un.-i)} , 7^ = 0,1, 



(3) 



where N e electrons occupy fixed positions on N s lattice 
sites, 



N.-l 



J2 TH = N e = N sP /q 



(4) 



i=0 



A. Ground states, quasiparticles and the hierarchy 

Here we determine the ground state at v = p/q < 1 in 
the TT-limit, ie for the hamiltonian H in @. This is the 
classical electrostatics problem of finding the position of 
electrons, on a circle with N s sites, that minimizes the 
energy. Hubbard gave an algorithm for constructing this 
ground state [63]; we will present two simple alternative 
constructions. The first gives the ground state for given 
v = p/q, and provides an intuitive understanding of why 
the energy is minimized; the second starts from v = l/q 
and constructs the ground states at all other filling fac- 
tors iteratively from this state as repeated condensations 
of quasiparticles — in addition to the ground states this 
gives the fractionally charged quasiparticles and makes 
the Haldanc-Halpcrin hierarchy construction manifest in 
the TT-limit. 
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The states obtained here are the ground states for any 
interaction that obeys the concavity condition 



Vfc+1,0 + Vk-ifi > 214o , 
which implies, by iteration, 

Vk+„,0 + Vk-1 > Vk+n-l,Q + VfcQ 



(5) 



(6) 



for all k, n > 0, k + n < N s . When, Li — > 0, T4 is sim- 
ply the electrostatic interaction energy between two rings 
of circumference L\ separated a distance k2n/Li; hence 
he concavity condition is fulfilled by a generic electron- 
electron interaction when L\ — > 0. It implies that the 
interaction energy of one electron with two other elec- 
trons that have fixed positions is minimized if the first 
electron is as close to the midpoint between the fixed 
electrons as possible, ie if the distances to the two fixed 
ele ctron s differ by at most one lattice constant, see Fig. 

13 [H3 

The crucial observation in obtaining the ground state 
is to realize that it is possible to minimize the energies 
of the fc:th nearest neighbors separately for each k for an 
interaction that obeys ([6]) [67| . 
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Ei=V 60+ V 40 



E 2 =2V 50 <E 1 



FIG. 3: The interaction energy of one movable electron with 
two fixed electrons is minimized when the distances to the two 
fixed electrons differ by at most one lattice site. 

In our first construction, the ground state is obtained 
by placing the electrons equidistantly on a circle and then 
letting them relax to the closest lattice sites. The ground 
state is periodic with a unit cell of length q containing 
p electrons and this cell is obtained as follows. Consider 
a circle with p equidistant electrons and a lattice with q 
(equidistant) lattice sites as in Fig. [4] Move each elec- 
tron to its closest lattice site; an electron that is eq ually 
far from two sites is moved to one of these sites. [l!8j | 
The obtained configuration is the unit cell of the ground 
state, for the proof we refer to Appendix [B] An alge- 
braic expression for the unit cell is obtained by noting 
that electron a is at site 



i(a) = I\a/v\ 



(7) 



where a = 0, — 1 and I[x] denotes the integer 

closest to x. For example, for v = 5/13, ([7]) gives 
{J[a/^]} = {0, 3, 5, 8, 10, (13, . . .)} and hence the unit cell 
is 1001010010100 ~ (0 2 101) 2 2 1 in agreement with Fig. 
HI We use a chemical notation where the subscript de- 
notes the number of times the quantity is repeated. [l!9j | 



That the unit cell at v — p/q has length q implies that 
the ground state is g-fold degenerate. This is the center 
of mass degeneracy of any state at v = p/q discussed 
in Sec. [TT] [66|]. For the quantum Hall states this is the 
topological degeneracy of the ground state identified by 
Wen and Niu Mill. 



FIG. 4: Ground state unit cell at v — 5/13 by relaxation on 
circle, a) p—5 equidistant electrons on a circle with q—13 
lattice sites; b) each electrons moved to its closest site, unit 
cell is (0 2 101) 2 2 1. 

Incidentally, the initial configuration with equidistant 
electrons is clearly the ground state in the continuum 
problem when there is no lattice — when there is a lattice 
the ground state is as similar to the continuum one as 
possible. Because of the periodicity, the picture of course 
generalizes immediately to the full system consisting of N 
unit cells and periodic boundary conditions: the ground 
state for N e electrons on N s sites is obtained by starting 
with equidistant electrons and moving each electron to 
its closest site. 

At v = 1/q the procedure gives the unit cell g _il. 
Thus, the ground state is obtained by placing one elec- 
tron on every q:th site; this obviously minimizes the elec- 
trostatic repulsion. For odd q, these are the Laughlin 
fractions and the state with unit cell g _il was in fact 
proposed by Tao and Thouless in 1983 as an explanation 
of the fractional quantum Hall effect ■ Although this 
state has a small overlap with the exact ground state (for 
large Li), and with the Laughlin state, it does in fact 
play an important role in the quantum Hall effect and 
we will call the crystal ground states at general v = p/q 
Tao-Thouless (TT) states. We claim that the TT-states 
are QH-states in the sense that the y a re adiabatically 
connected to the bulk QH states [3rl l38l] . 

Note that the TT-states have a gap to excitations — the 
lattice sites are fixed in space and there are no phonons 
in these crystals; the TT-states should not be confused 
with Wigner crystals, which have gapless excitations due 
to the broken translational invariance. This is a further 
reason to call the states considered here TT-states rather 
than crystal states. 

We will now present an alternative, iterative, construc- 
tion of the TT-states that brings out the connection to 
the hierarchy of fractional quantum Hall states [HI, [H| 
and determines the fractionally charged quasiparticlcs. 
Let CW,n = 0, 1, 2, . . . be the unit cell for a TT-state 
at level n; this level is defined by the iteration process 
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and is identical to the one in the hierarchy construction. 
At the first levels we have 



C (o) 



, m = 



C« = O tl _il , v x = - 



(8) 



where t\ = 1,2, ... . The unit cells for the TT-states at 
level n > 2 are obtained iteratively as 



c (n) 



i(«-l)/-i(n-2) 



C (n) = C (»-l) C (n-2) 



tnPn-1 +Pn-2 
tnQn-1 + 9n-2 
tnPn-1 " Pn-2 
t n qn-l — qn-2 



> (9) 



where Cj indicates that C^" 1 - ) is repeated t times; 
C(™~ 2 ) is the complement of C^ 1-2 ' in the unit cell 
C^™- 1 ), le C( n - 2 )C(™- 2 ) = C^™- 1 ) and v n = p n /q n . At 
the second level we obtain: 



C< 2 > = {0 tl _!l} t2 , u 2 



+ £ 



C (2 > = {O tl _il} t2 _iO tl _ 2 l , V2 = 



(10) 



We can now connect to the original hierarchy construc- 
tion. As will be further discussed below, C^ ) = is the 
quasihole, and C(°' = tl -2l is the quasielectron, with 
charges e* = ±e/ii, in the ground state = tl _il. 
Thus the unit cells C*- 2 ^ at level two consists of t 2 (or 
t 2 — 1) copies of the unit cell at level one, followed by 
a quasihole (or quasielectron) in the level one ground 
state — the new ground state at level two is a condensate 
of quasiparticlcs in the level one ground state. 

At the next level, level three, we find the unit cells 

C (3) = {{0 tl -il} t2 0} t3 tl _il 

= {{0 tl _ 1 l} t8 0} ts _ 1 {0 tl _ 1 l} ta _i0 

= {{Ofa.xl^-iOfa.al^Ofc-il (11) 

C< 3 > = {{0 tl _ 1 l} t8 _i0 tl _ 2 l}t3-i{0 tl _il} t> -a0 tl _al 

and the corresponding filling factors 

1 



v?, 



h + 



(12) 



ti±- t 



Generalizing this, wc find at level n, the filling factors 



h + 



(13) 



*2 + - 



where ^ = 1,2,... and the corresponding unit cells are 
obtained using In this construction, a, = +1 (—1) if 



is constructed with C^ 2 > (C( 1 - 2 )) in ©. A state 
at level n is uniquely characterized by the parameters 
{ti, a2t2, ^3^3, ■ • ■ ! ot n t n }. Equation (|13p is the contin- 
ued fraction form of the filling factors as given by the 
hierarchy scheme, except that now also even denomina- 
tors are obtained. Restricting to t\ = 1,3,5,... and 
ti = 2, 4, 6, . . . , for i > 2, (fT3l) is identical to Haldane's 
formula for the filling factors [1 61 ] , which is known to give 
each odd denominator fraction once. 

This construction gives each rational filling factor < 
v < 1 and by inspecting the unit cells one finds that 
they are such that the distances between /c:th nearest 
neighbors differ by one lattice constant at most, hence 
they minimize the energy and are identical to the ground 
states obtained by the relaxation procedure above. To be 
precise, we have not proven that the unit cells obtained 
by the two methods are always identical, but we have 
checked this in many examples and arc convinced that 
this is the case. 

The interpretation of (TTU)) as a condensate of quasipar- 
ticles generalizes to arbitrary level n in @: 



c (n- 



and C(' l ~ 2 ) 



(14) 



are the quasihole and the quasielectron (which is which 
depends on the state) in the ground state with unit cell 
C^™ -1 ), and the ground state at level n, C^ n \ is a con- 
densate of these quasiparticles in accordance with the hi- 
erarchy construction. That the proposed quasiparticlcs, 
C(™~ 2 ) and C(™~ 2 ), have the expected charges e* = ie/q 
at v = p/q follows from the Su-Schricffcr counting argu- 
ment [70j, see Appendix [Cj Furthermore, they are do- 
main walls between the degenerate TT ground states. 
This was noted by Anderson [48| and stressed by Su 
[49l . [50( 1 based on exact diagonalization studies on the 
torus. The quasiparticles discussed here are the ones 
with the elementary charge e* = ±e/g and the QH states 
arc the simple abelian ones; as pointed out by Wen [6^| 
other quasiparticles may also in principle condense to 
form more complicated ground states. 

The iteration formula ([9]) gives the one quasiparticlc 
excitations in the state with unit cell and shows that 
these are the lowest energy excitations at the correspond- 
ing filling factors; for example, inserting 01 in the ground 
state with unit cell C^ 2 ' = 00101 gives the quasielectron 
and it is the lowest energy state dXv = (2i2 + l)/(5t2 + 2). 

The energy of a quasielectron-quasiholc pair at v = p/q 
can be calculated in the limit L\ — > 0. According to the 
discussion above, the quasiparticles in a TT-state with 
unit cell CW are C (n_1) and C^™- 1 ). Thus, a minimally 
separated particle-hole pair is obtained by the replace- 
ment 



C (n) 



-l) C (n-l) _> C( n - 1 )C ( "" 1) 



(15) 



in the ground state. Note that the replacement in p5|) 
amounts to a translation of the unit cell C^" -1 ) with 
periodic boundary conditions on the cell itself, thus it 
creates two domain walls (with the expected charge). It 
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can be shown, see Appendix iDl that CK n-1 )C' n_1 ) differ 
from C'™' only in that one electron has been moved one 
lattice constant. 

A separated particle-hole pair is obtained by translat- 
ing s consecutive cells as in (|15p , ie with periodic bound- 
ary conditions on each cell separately, or, equivalently, 
on all s of them together. This is equivalent to inserting 
a string of s — 1 unit cells C^ n ' between the particle and 
hole 

C<") CC^TC^C^- 1 ), (16) 

and moves s electrons (one in each unit cell) one lattice 
constant in the same direction. 

The replacement (fT5j) or (flo) implies an ordering of 
the particle-hole pair. The opposite ordering is obtained 
by instead making the reverse replacement 

c (n) c (n-i) c WcM) . (17) 

Again the replacement (fl6|) or (JTTj) amounts to a trans- 
lation of Cs assuming periodic boundary conditions. 

It is shown in Appendix [D] that the energy of the sep- 
arated particle-hole pair in (|16I17[) is 

E ph (s)=J2kA kq + s J2 T^TT ' (18) 

fc=l s<k<N 3 /2q fc >TI# 

where 

A kq = Vkq-1,0 - 2V kq ,Q + Vkq+1,0 . (19) 

A kq is the change in energy for an electron with its two 
neighbors k unit cells away when the initial electron is 
moved one lattice constant. This energy, which is the 
second derivative of Vfco, is positive due to the concavity 
condition ([5]), which thus ensures the stability of the TT- 
ground state to particle- hole formation. Note that E p i 1 (s) 
is independent of the numerator p of the filling factor. 

It can be shown that the nearest neighbor pair excita- 
tion s = 1, which has energy 

£ TT\7, ' (20 » 

l<k<N s /2q fc >-55" 

according to (TT5)) . is the lowest energy excitation at fixed 
filling fraction, see Appendix [Dl 

An important quantity is the energy of an infinitely 
separated particle-hole pair; this is what is measured in 
activated transport and is a measure of the stability of a 
quantum Hall state. When the separation of the particles 
goes to infinity, s — > oo, we find 

oo 

E gap = £ ph (oo) = J2 kA k Q ■ (21) 

k=l 

Note that the gap depends only on the denominator q, ie 
on the fractional charge ±e/g, and not on the numerator 
p in v = p/q. 



This is natural in the sense that the denominator de- 
termines the charge of the quasiparticles, but the result 
is non-trivial since the properties of the ground states 
depend on both p and q. Furthermore, E ga , p is a mono- 
tonic function that appr oach es zero from above as the 
denominator q increases. }l20j In this context it should 
be mentioned that Halpcrin within the original hierar- 
chy construction of fractional QH states predicted a gap 
that is predominantly determined by q and decreases 
monotonously with increasing q [l8| . 

Thus we find that the gap to creating a separated 
quasiparticle pair decreases monotonously with increas- 
ing q. This motivates Fig. [5] which shows 1/q for each 
v = P/li 9 °dd Each point corresponds to a TT- 

state that we claim is adiabatically connected to a bulk 
QH-statc. The higher up a point is, the larger is the gap 
in the corresponding TT/QH-state and the more stable 
is the state. The points marked by plusses are filling frac- 
tions where a dip in the longitudinal resistance R xx is re- 
ported in the experiment by Pan et al [65| ■ At the crosses, 
we infer a very small dip in the same data. This experi- 
ment, which covers the range 2/7 < v < 2/3 marked in 
the figure, is performed on the highest available mobility 
samples and exhibits the largest number of QH states. 
We note that to a surprisingly good approximation a dip 
in R xx is observed at a filling factor v — p/q if, and only 
if, q < qo ~ 17. This is in agreement with the gap, -E gap , 
being independent of p. 

+1/3 +213 

03 - 
0.25 - 

02 - ■ 42/5 +3/5 

cr 

0.15 - 

+2/7 +3/7 +4/7 

+4/9 +5/9 

0.1 - 

+4/11 +5/11 +S/11 +7/11 
+4/13 +5/13 + + *8/13 • 




0.1 02 03 0.4 05 0.6 0.7 03 0.9 1 



v=p/q 

FIG. 5: The Tao-Thouless states and their stability. Each 
point (p/q, 1/q), q odd, corresponds to a TT-state that we 
claim is adiabatically connected to a bulk QH-state. The gap, 
and hence the stability, increases with decreasing 1/q. At the 
points marke d by plusses or crosses indications of QH-states 
are observed fbal . The line is at constant gap and shows the 
range of the experiment in p. It is an approximate lower 
boundary in 1/q for the observed states. 

The structure shown in Fig. [5] is a fractal, self-similar, 
one: enlarging any region of v reproduces the original 
figure [71], [?2j . This fractal structure is connected to the 
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hierarchy construction of fractional QH states. The TT- 
states and their quasiparticles obtained when L\ — ► 
makes the hierarchy construction of fractional QH states 
manifest as discussed above. According to for each 
state, the parent state, condensation of quasiparticles 
gives rise to two sequences of daughter states with fill- 
ing fractions approaching that of the parent state from 
above and below respectively and with decreasing 
see Fig. [6] This holds for each v = p/q and explains the 
fractal structure in Fig. For a more complete discus- 
sion of the connection to the hierarchy theor y, i ncluding 
the connection to the global phase diagram [73|, [7^ , we 
refer to Ref. KJg. 



{2m + 1, —2, — 2 . . . , —2}. Thus the states in the Jain se- 
quences are those in the hierarchy where all but the first 
condensate has maximal density. At v = l/2m, the unit 
cell is 02m-il. Explicitly for the experimentally most 
prominent sequence, m = 1, the unit cells are 



1/3 
2/5 
3/7 
4/9 
5/11 



001 

00101 

0010101 

001010101 

00101010101 



1/q 



parent 



1/2 : 01 



(22) 



p/q 



FIG. 6: The hierarchy state at v — p/q is the parent state 
for two sequences of daughter states formed by condensation 
of quasielectrons and quasiholes in the parent state. These se- 
quences approach p/q, with decreasing gap ~ 1/q, from above 
and below respectively. Repeating this construction ad infini- 
tum gives the fractal structure in Fig. [5[ 

Using Fig. [5] we can predict what QH-states are next 
in line to be discovered when higher mobility samples 
become available. For example, in the region 2/7 < v < 
2/3 we first expect, in addition to 7/17 and 8/13 included 
above and new Jain states at p/(2p± 1), states at 10/17, 
11/17, 6/19, 7/19 and 8/19. 



B. Examples 

We here give explicit examples of TT ground states 
and quasiparticles for prominent filling fractions. 



1. Laughlin/ Jain fractions 

For the Jain sequences v = p/ (2mp+l) that for fixed m 
approach v = l/2m from below as p increases, the unit 
cell of the TT-state is 02 m l(02m-il) p -i; in the hierar- 
chy notation this corresponds to {t%, 0:2 t%i ••• j &pt p } — 



By taking the particle-hole conjugate, <-> 1, of the 
states in (|2"2")l one obtains the Jain series v = p/(2p — 1) 
that approaches 1/2 from above. 

We now turn to the fractionally charged quasiparticles. 
Consider to start with the TT-state at v = 1/3. Accord- 
ing to ([H]), its unit cell is = 001 and the quasiparti- 
cles are C' -' =0 and C(°) =01. A quasihole with charge 
e/3 is created by inserting C'°) = somewhere: 

001001001001001001001001001001001001001 (23) 
0010010001001001001001001001001001001001 
001001000100100100100010010010001001001001 . 

The first line in (f2"3"|) is the ground state; the second line 
has one extra inserted — comparing to the ground state 
it is clear that this creates a domain wall between two 
degenerate ground states. In the third line, three well- 
separated 0's are inserted, creating three domain walls. 
Comparing to the ground state in the first line one sees 
that far away from the three 0's the state is unchanged 
and to maintain the size of the system the underlined 
unit cell 001 has to be removed. In between the inserted 
0's the state is a rigid translation of the original ground 
state and thus indistinguishable from this state by a mea- 
surement that only refers to the translated state. Thus, 
the net change is that one electron has been removed 
and this charge is divided on the three well-separated 
domain walls which thus have charge e/3 each. This 
is of course nothing but the Su-Schrieffer counting ar- 
gument [7(J. The argument is also closely related to 
Laughlin's original argument for the fractional charge, 
where a quasihole was created by adiabatic insertion of a 
flux quantum Q — this corresponds to adding one empty 
site as there is one site per flux quantum. 

The quasielectron is created by inserting C(°) = 01: 
00100100101001001001001. Again this is a domain wall 
and the charge is, by the counting argument —e/3. Note 
that particle- hole symmetry is manifest; this is not the 
case for the bulk wave functions. It is straightforward to 
show that the excitations just given are the L\ — > limits 
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of the two-dimensional bulk quasiparticlcs constructed by 
Laughlin, see Appendix [El 

It follows from Sec. IIIII that inserting or removing 01 
create quasiparticles in all the TT ground states in the 
Jain sequence v = p/(2p± 1) that approaches 1/2 as p 
increases. For example, a quasielectron at v = 2/5 is 
obtained as: 

00101001010010100101001010010100101 
0010100101010010100101001010010100101 . (24) 

For Jain sequences with general m, starting from the 
Laughlin state v = l/(2m +1), quasiholes (quasielec- 
trons) are created by removing (inserting) 02 m _il. In 
all cases, the Su-Schrieffer counting argument gives the 
expected charge, ±e/(2mp+ 1), for these quasiparticles 
and they are the L\ — > limits of the Laughlin and Jain 
quasiparticles in the two-dimensional bulk system, see 
Appendix [E] 



2. Non-Jain fractions 

Until recently, all experimentally well-established frac- 
tional quantum Hall states where for Laughlin- Jain filling 
fractions. However, in 2003 Pan et al reported a new set 
of states in ultra-high mobility samples [65]. Prelimi- 
nary indications of such a state at 4/11 was reported by 
Goldman and Shayegan [75} . Fractional quantum Hall 
states were seen at the following odd denominator filling 
factors v = 4/11, 7/11, 4/13, 5/13, (8/13), 5/17, 6/17 and 
(7/17) (the ones in parenthesis are inferred by us from 
the dat a in Ref. [65| but were not claimed in this refer- 
ence). |l2l| Using the methods above, we readily find 
the TT ground states and the quasiparticles with charge 
e* = ±e/q at these filling fractions. In Table U the unit 
cells are given in the hierarchy form, ie as in ©. The 
anti-quasiparticle, which is not given in the table, is ob- 
tained by taking the complement of the quasiparticle in 
the given ground state unit cell, according to |JH) . The 
unit cell for given v = pj q is most easily obtained using 
the relaxation method, d7j) ; it is then easily transformed 
to the hierarchy form by identifying its parent using Figs. 
[5] and O The parent is one of the two nearest neighbors 
whose denominator is smaller than q. — tt Check this 

C. Emergent Landau levels and composite fermions 

We have seen that in the TT-limit the TT ground 
states give a microscopic realization of the original hier- 
archy construction of fractional quantum Hall states. To- 
day the alternative construction of quantum Hall states 
in terms of composite fermions has become the dominant 
framework and one may ask how the TT-construction is 
related to this. We believe, as argued by Read [33[ and 
by Blok and Wen [34| but contrary to the opinion of Jain 
[20l . l2ll , |22| , that the original hierarchy construction and 



TABLE I: Ground states and quasiparticles in the TT-limit 
for the odd denominator fractions observed by Pan et al [65| 
that do not belong to the Jain sequence. 



V 


ground state 


quasiparticle 


4/11 


{0 2 1} 3 01 


2 1 


7/11 


{1 2 0} 3 10 


1 2 


4/13 


{0 2 1} 4 


2 1 


5/13 


{0 2 101} 2 2 1 


2 101 


8/13 


{1 2 010} 2 1 2 


1 2 010 


5/17 


{{0 2 1} 2 0} 2 2 1 


{0 2 1} 2 


6/17 


{0 2 1} 5 01 


2 1 


7/17 


{0 2 101} 3 01 


2 101 



composite fermions arc just two different ways to view 
the same phenomena. In our approach, this is supported 
by the fact that both the hierarchy construction and the 
emergent Landau level structure is manifest in the TT- 
limit and that the TT-ground states and the quasipar- 
ticles are the L\ — > limits of Jain's composite fermion 
wave functions. 

According to the composite fermion idea, fractional 
QH states are created when composite fermions fill an 
integer number of Landau levels in a reduced magnetic 
field. This implies the existence of an emergent struc- 
ture of effective Landau levels within the lowest Landau 
level; such a structure is indeed seen in numerical stud- 
ies [13, [76j]. We here describe how this comes about in 
the TT-limit. To be specific we imagine that we start 
at filling factor v = 1/3 with the state {021}at, ie the 
ground state has N unit cells. When the magnetic field 
B is decreased, quasielectrons with charge — e/3 are cre- 
ated by inserting 01. One such quasielectron can be 
inserted in N different equivalent places; these N de- 
generate states form an effective Landau level for these 
quasiparticles. When B is further decreased more quasi- 
electrons are added to this effective Landau level; the 
quasielectrons repel eachother and are hence pushed as 
far apart as possible. Eventually, one 01 has been added 
per unit cell 001, the effective Landau level is filled and 
one has reached the state {02101}at, ie the 2/5 state with 
unit cell 00101, see Fig. [7] 

Of course, when decreasing the magnetic field and 
adding quasielectrons 01 to the 1/3 TT-state many other, 
infinitely many in fact, TT-ground states are obtained 
before the 2/5 state is reached, see Fig. [SJ Among them 
are the states with unit cells {02l}t 2 01, see Fig. [5] these 
are just as 2/5 obtained by a condensation of quasielec- 
trons in the 1 /3 state albeit with a lower density of quasi- 
electrons. However, these states have a filling factor with 
larger denominator and hence a smaller gap and are thus 
less stable to disorder and may not form in a given sam- 
ple. 

Continuing decreasing the magnetic field creates quasi- 
electrons in the 2/5-state by adding 01 which have charge 
— e/5 (adding 01 just before reaching 2/5 removes quasi- 
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a) 001001001001001001001001001001001 v = i/3 

b) 001 01 001 001 001 001 01 001 001 001 01 001 

-e/3 -e/3 -e/3 

c) 001001001010010010010100100100101 v = 4/n 

d) 00101001010010100101001010010100101 v = 2/5 

FIG. 7: Quasiparticles and emergent Landau levels in the TT- 
limit. (a) The TT-ground state 001 at v = 1/3; in (b) three 
quasielectrons with charge —e/3 are created by inserting 01 in 
three places. When one 01 is inserted for every third unit cell 
001, the TT-ground state at 4 /ll is obtained (c). In (d) the 
2/5 ground state is obtained by inserting one quasielectron 
for every unit cell 001. The ground states in (c,d) can be 
interpreted as filling emergent Landau levels. 



holes of charge e/5). After having added 01 an additional 
N times one reaches the 3/7 ground state with unit cell 
0010101. Continuing the process gives all the TT gr ound 
states in the Jain sequence approaching v = l/2. |l22j 
Note that whereas the operation of inserting 01 is one 
and the same throughout this process, its interpretation 
in terms of quasiparticles varies: Near p/(2p+l), adding 
01 creates quasielectrons with charge —e/(2p + 1) and 
when approaching (p + l)/(2p + 3), adding 01 removes 
quasiholcs of charge e/ (2p + 3). 

In the discussion above we started from the 1/3 state. 
However, due to the self-similar fractal structure estab- 
lished for the TT-ground states, it is clear that the proce- 
dure is general — it applies mutatis mutandis to any frac- 
tion v = p/q. 



IV. TRANSITION TO BULK 

We have seen in the previous section that the TT-limit 
Li — > is remarkably simple but still rich and non-trivial. 
However, this is a limit that is most likely impossible to 
realize experimentally. Its raison d'etre lies in what it 
says about the experimentally realizable two-dimensional 
bulk limit, L\ — ► oo, — this is the topic of this section. 

We propose that the TT-ground state is the L\ — > 
limit of a two-dimensional bulk QH state for any v = p/q, 
q odd. If this QH state is the ground state (in the bulk) 
then it is adiabatically connected to the TT-state — there 
is in general no ph ase t ransition from the TT-state as L\ 
goes from to oo. [l23| This statement may need clarifi- 
cation. When Li changes, the size of the physical system 
changes; normally when one talks about adiabatic con- 
tinuity one has in mind that a parameter in the hamil- 
tonian changes. However, all that is happening when Li 
changes is that the matrix elements 14 m change. Thus 
for any L±, we can think of the problem as the infinite 
two-dimensional QH system with an interaction that de- 
pends on L±. This interaction is unusual: for finite Li 



it is anisotropic, it becomes purely electrostatic in the 
TT-limit, and it cannot, presumably, be written as a real 
space interaction V(r, L\). However, in the limit L\ — ► oo 
it approaches the chosen isotropic electron-electron in- 
teraction, whereas it is exactly solvable in the TT-limit. 
Thus, we have the standard situation when adiabatic con- 
tinuity can be discussed. In passing, we note that this 
point of view shows that the TT-states give an exact so- 
lution to the two-dimensional QH-problem albeit with a 
peculiar interaction. 

We will present arguments for our proposal about adi- 
abatic continuity below; the strength of these arguments 
varies with v. For the Laughlin states adiabatic continu- 
ity holds for a short-range pseudo-potential interaction, 
for the Jain states it can be strongly argued and for more 
general hierarchy states a case for it is emerging. In our 
opinion, the overall evidence for the correctness of the 
claim is convincing. 

Apart from fractional QH states, there may of course 
be other ground states in the bulk. An example of this are 
Wigner crystals that are expected at low filling factors, 
in particular at v = 1/q, for q small enough. In these 
cases, there is a phase transition from the TT-state as 
Li increases. 

The even denominator filling factors are special. For 
them we propose that there is always a phase transition 
from the gapped TT-state as Li increases. The sugges- 
tion is based on: 1) a detailed analysis of the v = 1/2 
case and 2) exact diagonalization of small systems. For 
v = 1/2, we find a phase transition to a gaplcss Lut- 
tingcr liquid that can be identified with a version of the 
Rezayi-Read state [42| ; when Li increases further the 
state develops smoothly into the Rezayi-Read state that 
is believed to describe the system in the limit Li — > oo. 
Exact diagonalization of all is = p/q with q < 11 shows 
that for each filling factor with even denominator there 
is an abrupt change in the ground state, where its quan- 
tum numbers change, as Li increases, whereas there is no 
such change for any odd denominator filling factor [36j |. 

Below we first discuss the odd denominator hierarchy 
states, concentrating on the Laughlin and Jain fractions; 
results for more general hierarchy fractions are summa- 
rized. We then turn to even denominator fractions; we 
discuss the half-filled Landau level in detail and comment 
on general such fractions and on the difference between 
v = 1/2 and v = p/(2p + 1). The TT-limit is useful also 
to analyze non-abelian states; we end by discussing the 
Moore- Read pfaffian state at 5/2 as an example of this. 



A. Hierarchy states 

We begin by comparing the qualitative properties of 
the TT-states and the bulk hierarchy states. First of all, 
both have a gap to excitations. Note that the crystalline 
TT-states have no phonons: once the boundary condi- 
tions, ie the flux through the torus, are fixed the lattice 
sites are fixed in space. Thus the TT-states are not the 
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Wigncr crystals expected in the quantum Hall system 
at low filling factor; these would have gapless phonons. 
Second, the TT-state and the bulk hierarchy state at 
v = p/q both have quasiparticle excitations with charge 
e* = ie/q. A further similarity is that the ground state 
degeneracy on the torus in both cases is q, but this is 
rather trivial as it is true for any state at v = p/q. 

On the torus, the symmetries are the magnetic transla- 
tions and the TT and Laughlin- Jain states have the same 
quantum numbers, K a , with respect to these. This fol- 
lows since the former are the L\ — * limit of the latter, 
see Appendix [El 

The TT-state is inhomogeneous, whereas the bulk hi- 
erarchy state should be homogeneous — a property that is 
normally considered fundamental for the quantum Hall 
fluids. However, it should be noted that imposing pe- 
riodic boundary conditions on the problem of electrons 
moving in a perpendicular magnetic field, ie considering 
the problem on a cylinder or a torus, implies that the 
continuous translational invariance present on the infi- 
nite plane, is broken, in one direction, to a discrete in- 
variance, translation by one lattice constant 2n / L±, along 
the cylinder, see Appendix [X] As a consequence, for any 
state on a finite cylinder or torus there will be ripples in 
the density that disappear completely only as the size of 
the torus goes to infinity [77| . 

Furthermore, it should be noted that if one takes the 
alternative " adiabatic" point of view where the TT-limit 
is just a change in the interaction Vk m in the infinite two- 
dimensional system (where the lattice constant vanishes), 
then the TT-state is homogeneous. 



1. Laughlin- Jain fractions 

For the Laughlin and Jain filling fractions, v = 
p/(2mp + 1), explicit wave functions arc known for 
the ground states as well as for the quasiparticle 
excitations — these allow us to further investigate the con- 
nection to the TT-states. 

Rczayi and Haldane noted in 1994 that the L\ — > 
limit of Laughlin's wave function (at v = 1/3) is the 
TT-state with unit cell 001 [HTJ] . This analysis can be 
generalized to general Jain states and also to quasiparti- 
cle excitations thereof. Taking the L\ — > limit of these 
wave functions, one finds the TT-states and the quasi- 
particles of Sec. [HI] (36|. One direct consequence of this 
is that the TT-state has the same quantum numbers K a 
as the Laughlin/Jain state. The details of this analysis 
are given in Appendix [E] 

On the plane, the Laughlin state at v = l/(2m + 1) 
is the unique ground state to a certain short ran ge i nter- 
action and there is a gap to all excitations [771.1781 [7§|. 
Since this result on the plane is a consequence of the be- 
havior of the wave function when two electrons approach 
each other it is natural that it holds in other geometries 
as well. This is indeed the case: For the short range in- 
teraction on the torus the Laughlin state is the unique 



ground state (up to the center of mass degeneracy) and 
there is a gap to all excitations for any circumference 
L\. An explicit statement or proof of this has not, to the 
bes t of our knowledge, appeared, but it is implicit in Rcf. 
l5ll . 124 1 For a proof see Appendix [FJ 

The transition from an inhomogeneous charge density 
wave state to a homogeneous- looking state as Li grows 
was studied in [5l[ for the Laughlin v = 1/3 state and a 
rapid crossover was found at L\ ~ 6. This crossover was 
recently studied numerically in detail by Seidel et al [8(| • 
They confirm that there is no phase transition but an 
exponentially fast crossover to a virtually homogeneous 
state. That the Laughlin state spontaneously breaks the 
discrete translational symmetry on the thin cylinder has 
been rigorously proven by Jansen et al [8lT | . 

To conclude, we consider it firmly established that the 
TT ground states are adiabatically connected to the bulk 
QH states for the Laughlin fractions and that a strong 
case has been made for this being true also for the Jain 
fractions. 



2. Non-Jain hierarchy fractions 

For the fractional QH states observed by Pan et al [65[ 
that are not of the Laughlin-Jain type discussed above 
no agreed upon wave functions exist. However, recently 
wave functions were constructed for all filling fractions 
in the hierarchy scheme that are obtained as repeated 
condensates of quasielectrons (as opposed to quasiholes) 
[H, HI] ■ These wave functions are obtained by a natu- 
ral generalization of the conformal field theory construc- 
tion of Jain's composite fermion wave functions [4l| . The 
L\ — > limit of the proposed wave functions are the TT 
ground states and the wave function at 4/11 has a large 
overlap with the exact ground state for small systems. 
We take this as a strong indication that the non-Jain hi- 
erarchy states in the bulk are also adiabatically connected 
to the TT ground states. Details of this conformal field 
theory construction of hierarchy wave functions will be 
presented elsewhere j3^|. Wave functions at these frac- 
tions can also be constructed within the hierarchy scheme 
as condensates of quasiparticles |64| and as fractional QH 
states of composite fermions 1821. |83[ |84| . For further dis- 
cussion of these states, see Ref. l63l l85l. 18(1 l87l . 



B. Even denominator fractions 

So far we have discussed odd denominator filling fac- 
tors and argued that the TT-states that are the ground 
states in the TT-limit are adiabatically connected to the 
two-dimensional bulk QH hierarchy states. In this sec- 
tion we discuss the even denominator filling factors. We 
begin by considering the half-filled Landau level; this case 
has been analyzed in detail and we believe it is represen- 
tative for other gapless even denominators. (The gapped 
state at 5/2 is discussed in Sec. IIV CI ) 
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1. Half -filled Landau level 

In the half-filled lowest Landau level, v = 1/2, a 
metallic, ie, gapless state is observed @- The compos- 
ite fermion explanation for this behaviour is that each 
electron binds two flux quanta, thereby removing all the 
external magnetic flux. The state is then supposedly de- 
scribed by non-interacting, or weakly interacting, com- 
posite fermions in zero magnetic field, ie, by a free two- 
dimensional Fermi gas. This is also the picture that 
emerges from the mean field theory where the statistical 
magnetic field completely cancels the external magnetic 
field [29[. These descriptions successfully explain experi- 
mental data and constitute the main evidence for the cor- 
rectness of the composite fermion idea. The microscopic 
wave function of composite fermion type describing the 
v = 1/2 state was provided by Rezayi and Read [42j — on 
the torus it reads [88[ 

* RR = det ij [e iki - R ^i , (25) 

where Rj are the guiding center coordinates and is 
the bosonic Laughlin state at v = 1/2, see Appendix 
IA1 The wave function ^Brr is not unique but depends 
on a set of parameters, "momenta", {k^}. In the two- 
dimensional bulk limit these are assumed to form a cir- 
cular Fermi sea. 

The TT-state at v — 1/2 has unit cell 01, ie it is a 
state with one electron on every other site. This clearly 
minimizes the electrostatic repulsion, and hence is the 
ground state, in the TT-limit L\ — > 0. As any TT-state 
it has a gap to excitations and it has quasiparticles with 
charge ±e/2. Clearly, this is very different from the gap- 
less state that is observed in the two-dimensional bulk 
limit and is believed to be described by (f25]) . 

A gapless state does in fact exist also for small but fi- 
nite L\ and there is strong numerical evidence that this 
state develops without a phase transition into the gap- 
less two-dimensional state described by (|2"5)) . The first 
evidence for this was obtained in a numerical study of 
the QH system on a thin cylinder (89l | , using the density 
matrix renormalization group method [90j |. At v = 1/2, 
a sharp transition from the TT-state with a finite am- 
plitude of the density oscillations to a virtually homoge- 
neous state was observed at L\ ~ 5 (for a short-range 
interaction V(r) = W 2 S(r)) and there were indications 
of gapless excitations. This behaviour was dramatically 
different from other fractions such as v = 1/3 where no 
transition was observed as L\ was varied — the ampli- 
tude of the density wave decreased continuously as L\ 
increased. The transition at v = 1/2 takes place in a 
region where only the first few shortest-range terms Vk m 
are important. This made it possible to find an exact 
solution — ground state and low energy excitations — for 
a hamiltonian that is a very good approximation to the 
short-range interaction for L\ ~ 5 [351 ] - 

We now describe the exact solution, for details see 
Appendix [G] Consider to start with a hamiltonian (Q]) 



that consists only of the shortest range hopping term, 
V21 : 1001 «-> 0110. Define a restricted Hilbert space 
Ti.' by requiring that each pair of nearby sites 2p, 2p + 1 
contains exactly one electron, ie inc lude the states |= 10 
and |= 01, but not 00 or ll.fl25| Note that the inter- 
action V21 preserves the restricted Hilbert space Ti' . In 
spin notation, 1001 <-> 0110 becomes tl^lt an d hence 
the model with the shortest range hopping term V21 is, 
within Ti' , equivalent to a nearest neighbour spin-1/2 xy- 
chain, 

N,/2-l 

H xy = V 2 i ( s t+i s p +Vfi s p) > ( 26 ) 

p=0 

where s+ = c\ p c 2p+ i, \ ]) = s+\ |), and V21 > 0. 
Note that s + creates a neutral particle, a dipole. The 
hamiltonian (|26[) is diagonalized by mapping the spins to 
fermions, dk, via a Jordan- Wigner transformation — the 
hamiltonian then becomes that of free one-dimensional 
fermions with nearest neighbor hopping. 

Thus, within Ti' , the shortest range hopping term V 2 \ 
gives a one-dimensional free Fermi gas of neutral parti- 
cles. But to make this a reasonable approximation to 
([T]) for small but finite L\ we must consider also the 
short-range electrostatic terms. Including the two short- 
est range such terms, V10 and V20, with relative strength 
V10 = 2V20 = 2a one finds that all states in Ti' have 
the lowest possible electrostatic energy. There are states 
not in Ti' (or H' T ) with the same electrostatic energy 
but a strong case can be made that the hopping term 
V21 creates a gap to these (H' contains the most hop- 
pable states) [35[ ; this is also supported by the numerics 
discussed below. Thus, the low energy sector for the 
short-range hamiltonian 

iV s -l 

H sr = a 2J n p (2n p+1 + h p+2 ) 

N s /2~1 

+ ^21 (4+i s p + s p+i4) > ( 27 ) 

p=0 

where Tip — CpCp^ IS contained in TL' and is that of a 
free one-dimensional Fermi gas of neutral particles. The 
ground state is a filled Fermi sea 

\GS) = ' [ d\ 1010101...) , (28) 
|fc|>f 

and excitations out of this sea gives gapless neutral exci- 
tations. This provides an exact and explicit mapping of 
the low-energy sector of a system of interacting electrons 
in a magnetic field onto a system of non-interacting neu- 
tral particles, ie onto free particles that do not interact 
with the magnetic field. 

We note that dipoles have many of the properties ex- 
pected of composite fermions, most notably that they do 
not couple to the magnetic field. Earlier approaches to 
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a microscopic theory in terms of dipoles were made by 
Read [551. IBl! , Murthy and Shankar [53] jPasquier and 
Haldane |58j |. Lee and by Stern et al |60l |. 

An important feature of the exact solution is that the 
number of dipoles is not conserved. These particles are 
neutral and their number is not tied to the number of 
electrons in the system as is the case for the composite 
fermions. For example, there are excitations where a sin- 
gle dipole is added to, or removed from, the Fermi sea. 
Moreover, the number of dipoles making up the Fermi sea 
in |28p is determined dynamically, ie by filling the neg- 
ative energy dipole states; this leads to there being one 
dipole for every second electron. As this is a consequence 
of energetics, the number of dipoles presumably changes 
as L\ increases. Assuming the ground state develops into 
a two-dimensional Fermi gas of dipoles as L\ — > oo, this 
suggests that the number of dipoles, and hence the Fermi 
momentum, is determined dynamically rather than being 
simply given by the number of electrons. In this context 
we note that the Fermi momentum measured in surface 
acoustic wave experiments (3l| disagrees with the mean 
field theory result which follows from that the number 
of composite fermions in the Fermi sea is equal to the 
number of electrons [2!| . 

The solvable case is a good approximation for a small 
finite L\. For the real-space short-range interaction 
V(r) = V 2 <5(r), V w = 2V 2 o = 2a corresponds to 
Li = 27r/v / 21n2 = 5.3. The short -range hopping term 
is then V21 = §c*, whereas the leading ignored terms are 
small: V30 = yfgCt and V31 = ^o.. This is close to the 
solvable point. 

Longer range hopping terms in ([T]) will in general not 
preserve the subspace TC . However, since there is a gap 
to states not in Tt 1 , the effect of small such terms can be 
included perturbatively in an effective spin-1/2 hamilto- 
nian that acts within Ti' . To zeroth order the effective 
hamiltonian is 

H eff = Yl^ V2n ^ S P+n S p + S p+n4"> ~ A 2™Sp^ + J (29) 

p,n 

where s z v = |(n2p-i —n 2p ) and A 2 „ is given in (fT9"))[l26l ]. 
In particular, this effective hamiltonian, H e ff, contains 
an Ising term SpSp + „ that changes the non-interacting 
Fermi gas to an interacting Luttinger liquid with inter- 
action parameter K ^ 1. If such terms come with large 
coefficients, they may cause a phase transition that opens 
up a gap; the results below strongly indicate that this 
does not happen in this system. In higher order perturba- 
tion theory, one gets increasingly more complicated spin- 
1/2 models containing rcnormalized quadratic as well as 
higher order terms. However, our numerical calculations 
suggest that these higher order terms may be very small 
for a range of L\ — we find that the projection of the 
exact ground state of the Coulomb interaction on Ti' is 
virtually unity in the "solvable" region 5.3<Li<8as 
discussed below. 

We have numerically identified the state obtained in 
exact diagonalization in the solvable region with the ex- 



act solution (|28|) . We continuously varied Vkm from the 
values that give the exact solution to values that corre- 
spond to a L\ in this region and verified that the ground 
state develops continuously without any level crossing. 
Whereas H xy gives a qualitative understanding, we sug- 
gest that H e ff gives a quantitatively very accurate de- 
scription of the low energy sector within this region. 
Thus we conclude that the exact solution is stable in a 
finite neighborhood of the solvable point where it devel- 
ops into an interacting gapless one-dimensional model, a 
Luttinger liquid. 

However, the perturbative argument for this is of 
course restricted to hamiltonians close to the solvable 
one — when L\ increases, hopping terms of increasing 
range and with large coefficients will appear — leading to 
a hamiltonian that is very different from (|27[) and that 
definitely does not preserve the restricted hilbert space 
Ti! . To investigate this region we compared the ground 
states obtained in exact diagonalization with the Rezayi- 
Read states (J2S) [H. 

The plane waves in (|25[) are periodic on the torus, with 
our normalization this means that k a are integers. A 
straightforward calculation shows that these momenta 
determine the conserved quantum numbers K a of the 
state: 

N e -1 

K a = k ia mod((l + 5 la )N e ) , (30) 

2=0 

where ki a is the momentum of particle i. We represent a 
state (f25j) by displaying its set of momenta as in Fig. [8J 
The Rczayi-Read state is invariant under a rigid trans- 
lation of the momenta, ki a — > ki a + (1 + 5i a )n a , where 
n a are integers [9l| (this so-called if-symmetry was first 
noted by Haldane). Since the conserved quantum num- 
bers are defined modulo (1 + 5\ a )N e , see Appendix [Al 
they are invariant under this translation. The rigid trans- 
lation kia — * kia +<5ia changes the quantum numbers but 
corresponds to a translation of the center of mass only. 

Fig. [9]shows results for the ground state at v = 1/2 for 
various L\ for N e = 4 — 9 electrons which interact with 
an unscreened Coulomb interaction. For all N e there is 
a sharp transition from the TT-state to a new ground 
state at Li « 5.3. (In cases where the ground state is de- 
generate, c/Fig. [SJ only one representative is considered 
in Fig. [5]) As L\ increases further there are additional 
transitions. The next transition occurs also at approxi- 
mately the same L\ for all N e ; this is particularly clear 
when an even/odd effect is ignored and one considers 
only say the odd N e . There are additional transitions 
for larger L\ — but the number and positions of these de- 
pend on the number of particles. Each of the states at 
L\ > 5.3 has a very large overlap with a Rezayi-Read 
wave function for some choice of Fermi sea of parameters 
{ki}. Overlaps are around or above 0.99 and they are es- 
sentially constant in each region. The Fermi seas develop 
in a systematic way from an elongated shape at small L\ 
to a circular one as L\ increases. It is as circular as it 
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FIG. 8: Examples of Fermi seas of momenta {ki a } for N £ = 5. 
For each sea the conserved momenta (K\,K2) are displayed, 
a) and b) are related by a translation that corresponds to K- 
invariance, and have the same quantum numbers; they de- 
scribe the same state, c) is one of three new states obtained 
from a) by reflections in the x- and y-axes. These four states 
have different quantum numbers and are degenerate ground 
states for 5.3 < Li < L2, cf Fig. translating the cor- 
responding Fermi seas one step in the x-direction gives the 
remaining four ground states, d) is obtained from c) by a rota- 
tion by it/2; it is one of the ground states when 5.3 < L2 < L\ . 
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can be when L\ = L2 = v '4irN e for the small number of 
particles considered in Fig. [5J 

From the numerical results for a small number of elec- 
trons we extract the following interpretation for an infi- 
nite number of electrons (ie for L2 — > 00) and varying L\. 
At L\ « 5.3 there is a phase transition from the gapped 
TT-state, with unit cell 01 as Li — > 0, to a gapless state 
well described by the exact solution or equivalcntly by 
the Rezayi-Read state with a special choice of momenta 
{ki} forming an elongated Fermi sea. Pcrturbative cor- 
rections will turn this state into a Luttinger liquid with 
K 7^ 1 in the region 5.3 < L\ < 8. When L\ increases 
further the Fermi sea deforms continuously approaching 
a circular L\ — > 00. The transitions for L\ > 5.3 in 

Fig. [9] are not phase transitions but rather level crossings 
to similar states — such crossings are expected to occur in 
a gapless system. These transitions correspond to small 
changes of the momenta in the Rezayi-Read wave func- 
tion, typically only one momentum is changed at each 
transition. Consider a finite L\ > 5.3 and L2 — * 00. 
This is a one-dimensional system, and since it is obtained 
from the Rezayi-Read state that we have identified with 
the gapless exact solution by a continuous change of mo- 
menta {ki}, we strongly believe that it is gapless. On 
general grounds, it should then be a Luttinger liquid — or 
possibly several Luttinger liquids. Further support for it 
being gapless is obtained from the fact that, as L\ — > 00, 
it approaches the two-dimensional case which is generally 
believed to be gapless. Of course, this is expected to be a 
gapless two-dimensional system — a free two-dimensional 
Fermi gas. It is an interesting and unresolved question 
how the smooth transition from the Luttinger liquid at 
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FIG. 9: Ground states and corresponding quantum numbers 
{K\,K-i) at v — 1/2 as a function of Li for 4 to 9 electrons 
(from top to bottom) (Ki is given mod(N e )). The results 
are obtained in exact diagonalization, using an unscreened 
Coulomb interaction. Marked L\ denote transitions to new 
ground states. For L\ < 5.3 the (virtually exact) ground state 
is the TT-state, whose unit cell is 01 when L\ — > 0. In each 
region L\ > 5.3, the state is identified with a Rezayi-Read 
state with the displayed Fermi sea of momenta. The over- 
lap with the Rezayi-Read state is around or above 0.99 for all 
N e (in all regions). The phase diagram is symmetric about 
L± — L2 = V AnN e , which are the largest marked L± in the 
figure. 

L\ > 5.3 to the two-dimensional gapless system occurs. 
In any case, our interpretation of the exact diagonaliza- 
tion results is that this transition is smooth — there is no 
phase transition as L\ varies above 5.3. 



2. Other even denominator fractions 

For even denominator fractions other than v = 1/2 we 
have much less to say; however, we suggest that the half- 
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filled Landau level is typical and that a simi lar s cenario 
holds for other even denominator fractions. [l27| | There 
is some numerical evidence for this. We have performed 
exact diagonalisation, for various L\, for all filling factors 
v = p/ q < 1 with q < 11. All even denominator fractions 
are similar to v = 1/2 in that there are transitions from 
the TT-state to new states with different quantum num- 
bers as Li grows. For the odd denominator fractions, 
on the other hand, no such transition is ever seen — the 
ground states develop smoothly from the TT-states. 



3. Even versus odd denominators 

How can we understand, within the approach pre- 
sented here, that even and odd denominators are so dif- 
ferent? To this question we have no complete answer 
but we will offer some insights obtained from the case 
when the shortest range hopping term, V21, is included, 
ie when L\ is small but finite. 

Let us consider v — 1/2 and the Jain sequence v = 
p/(2p + 1) that approaches this fraction as p grows — 
why is 1/2 gapless whereas the others have a gap? In 
the former case there is a phase transition from the 
gapped TT-state to a gapless state whereas in the lat- 
ter case the gapped TT-state develops continuously into 
the bulk quantum Hall system as L\ — > 00. To some ex- 
tent this difference can be understood by comparing the 
TT-states. As we have noted, they are the states that 
minimize the electrostatic repulsion Vko and thus are the 
ground states as L\ — > 0. When L\ increases, hopping 
terms Vfc TO , m ^ 0, become important. Consider the first 
hopping term V21 that enters as L\ increases. The TT- 
state at v = 1/2 with unit cell 01 is annihilated by V21, 
ie it is a non-hoppable state. There is a transition to 
a ground state that is more hoppable, thus lowering the 
kinetic energy. The ground state in the exact solution 
(|28|) contains the maximally hoppable basis state with 
unit cell 1001. For v = 1/2, it is the competition be- 
tween the electrostatic terms, that favor the TT-state, 
and the hopping terms that favor other states, such as 
1001, that leads to the phase transition at L\ = 5.3. For 
v = 1/3, the TT-state has unit cell 001; by construc- 
tion this minimizes the electrostatic repulsion. But it is 
also the most hoppable state with respect to the hopping 
term V21. Thus, in this case there is no competition be- 
tween electrostatic repulsion and hopping — they collab- 
orate rather than compete — and hence there is no phase 
transition. Of course, this does not explain why longer 
range hopping terms that are important for larger L\ do 
not cause a transition. This argument extends to any 
filling fraction v = p/(2p + 1) in the Jain sequence that 
approaches 1/2. In spite of the fact that the TT-state 
for large p looks very similar to the TT-state at v = 1/2, 
which is non-hoppable, the TT-state at v = p/(2p+ 1) 
is very hoppable. In fact, inserting a single extra hole in 
the v = 1/2 TT-state gives a very hoppable state. 

Thus we see that for v — 1/2 there is a doubling of the 



"unit cell" , 01 -> 1001, that does not happen at 1/3. This 
generalizes to other filling fractions and we suggest that 
the most hoppable state at odd denominators is simply 
the TT-state with unit cell C, whereas at even denomi- 
nators it is the state with doubled unit cell C T C, where 
C T is the transpose of C. This is in agreement with the 
doubling of the period in the " parent state" for even de- 
nominators noted by Su (50j . It is an open question how 
these considerations relate to the explanation by Tao and 
Wu [H. 

We end this section by pointing out an intriguing pos- 
sible relation to the Haldane conjecture for the presence 
of gaps in spin chains [93|. The gapless half-filled Lan- 
dau level is, in the exact solution above, mapped onto 
a spin 1/2 system. The low-energy sector is obtained 
by grouping the sites in pairs with one electron in each 
pair. Attempting a similar mapping of the low energy 
sector at 1/3, when the leading hopping term V21 is in- 
cluded, suggests grouping the sites in sets of three with 
one electron in each group. This gives three states per 
group, and a mapping to a spin one chain. This leads us 
to speculate that the existence (absence) of a gap at odd 
(even) denominators in the QH system is related to the 
Haldane conjecture for spin chains that says that integer 
spin chains have a gap whereas half-integer chains are 
gapless. 

The arguments given here are at present restricted to 
the QH system with a small, but finite, L\ since only the 
shortest range hopping term V21 is included. However, 
in this context it is interesting to note that the ground 
state obtained at v = 1/3 with a hamiltonian that only 
includes V21, without any electrostatic terms, has a 98% 
overlap with the Laughlin state for six electrons at L\ = 7 
[94l ]. Of course, when the number of particles, and L±, 
increases this overlap will drop as longer range hopping 
terms become important. 



C. Non-abelian states — Moore-Read state at 5/2 

So far we have seen that the gapped hierarchy states 
as well as the gapless v = 1/2 state exist for small L\. 
This limit is relevant also for non-abelian states, where a 
simple understanding of the nontrivial degeneracies and 
fractional charges appear [13, EH, As an example 

of this we discuss the Pfaffian state proposed by Moore 
and Read [l3[. This gapped state is a competitor to 
the gapless Rczayi-Rcad state ( P51J for a half-filled Lan- 
dau level. It was suggested [95( as a can didate for the 
observed gapped v = 5/2 state [96|. [l28j ] There is now 
numerical evidence that this suggestion is indeed correct 

[IlEllll. 

The Moore-Read state is peculiar: It has a six-fold de- 
generacy on the torus rather than only the two-fold im- 
plied by the filling factor, it has excitations with charge 
±e/4 rather than ±e/2 as one would expect for a gapped 
state at half-filling and most surprisingly a state with 2n 
quasiholcs has degeneracy 2 n_1 for fixed quasiparticle po- 
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sitions. Moreover, these quasiparticles have non-abclian 
fractional statistics. These properties were obtained by 
an intricate relationship to conformal field theory. It 
has been proposed that the topological and non-abelian 
properties of these states can be used for constructing a 
topologically-protected decoherence-free quantum com- 
puter [931. The Moore- Read state is the exact ground 
state of a certain local three-body interaction [H, l95j - 
This is true on a torus for any L\ and can be used to show 
that the ground states in the TT-limit are the TT-states 
with unit cells 01 and 0110, ie the unique states where the 
distance between all p airs of next nearest neighbor elec- 
trons is maximal. [l29( Applying T 2 we see that 01 is two- 
fold degenerate whereas 0110 is four- fold degenerate — 
this gives the six-fold degeneracy of the ground state. 
By joining strings of 01 and 0110 ground states it follows, 
using the Su-Schricffcr counting argument, that the do- 
main walls are quasiparticles with charge ±e/4. In this 
way one can construct a general state with k quasiholcs 
and 2n—k quasielectrons and show that it has degeneracy 
2>i-i f or fi xec [ positions of the excitations. Thus, again 
the qualitative properties of the state are obtained on the 
thin torus. Moreover, the manifest particle-hole symme- 
try of the Fock space formulation allows the construction 
of a general state of quasielectrons and quasiholes. 

The Moore- Read pfaffian state is not particle-hole sym- 
metric; conjugating the six degenerate states give six or- 
thogonal states, the anti-pfaffian states, t hat a re be lieved 
to describe a different phase of matter jlOOL Il0l| . The 
TT-limits 01 and 0110 of the pfaffian states are on the 
other hand particle-hole symmetric and hence the anti- 
pfaffian states have the same TT-limit. F or sm all Li, the 
difference shows up in subleading terms jl02j | . 

The analysis of the non-abclian states in the TT- 
limit has recently been generalized to more general 
parafermionic states [103| |. Again a simple understand- 
ing of the quasiparticles as domain walls between de- 
gen erate ground states gives the non-trivial degeneracies 

Hi Sim. 
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APPENDIX A: ONE LANDAU LEVEL ON 
TORUS 

We here give details for a single Landau level on a 
torus, which we assume has lengths L\, L 2 in the x and y- 
directions respectively. The complete analysis was given 
by Haldanc; this includes an arbitrariness in a choice of 



two-dimensional lattice (r36l . I X 0-41 ] , see also Ref. [ 1 5k Il06l | . 
As we are interested in the mapping to a one-dimensional 
system, we restrict ourselves to the corresponding lattice; 
this allows for an explicit and simple construction. 

In Landau gauge, A = Byk, the hamiltonian for a free 
electron becomes, in units where h — c/eB = 1, 

H=^-(p--A) 2 = -^-[(d x - iy ) 2 + d 2 } . (Al) 
2m c 2m * 

The invariance under continuous spatial translations in 
the y-direction has now been broken to discrete transla- 
tions, y — > y + n2ir / L±, where n is an integer: The gauge 
transformation ip — > e lA ^ip, A — > A+|VA must be peri- 
odic e lA ( a: + L i) = e lA 0) anc j nence translations y — > y + a, 
where a is a constant, can be compensated for in A Xl and 
hence in (jAlj) . by the gauge transformation e~ lax only if 
a is a multiple of the lattice constant 2tt/Li. 

The magnetic translation operators t a ,a = 1,2, that 
translate an electron a distance L a /N s in the a-direction 
are 

i ± = e {L,/N 3 )d x ^ £ 2 = e (L 2 /N s )(d y+lx ) ; (A2) 

where N s = L1L2/ '(2ir) is the number of flux quanta 
through the surface; the operators obey 

i 1 i 2 = e 2 ™! N n 2 i 1 . (A3) 

The Landau level preserving "guiding center" coordi- 
nates used in the Read-Rczayi state (|25|) are defined as: 

R lx = {2-K/L x ){ Xi - id y , ) , Riy = {2n/L 2 )id Xi . (A4) 

The states 

Va- = e-^/^'tlVo , k = 0,1, N s -1, (A5) 
V'o = 7T - 1 ^L; 1/2 Y / e mL2X e-^ +nL ^^ 2 , (A6) 

a 

form a ba sis of one-particle states in the lowest Landau 
level. \l30\ Vfc is a periodic gaussian located along the line 
y = — 2i:k/Li and is a i\ eigenstate, iitpk = e l2 ^ h / Ns Tpk- 
Letting cj, create an electron in state tpk, {ck, c} n } = 5k m , 
maps the Landau level onto a one-dimensional lattice 
model with lattice constant 2it/Li, sec Fig. [1] A ba- 
sis of many-particle states is given by \no, m, . . ■ nN s -i), 
where = 0,1 depending on whether site k is empty 
or occupied by an electron; alternatively the state is de- 
scribed by the positions {fci, fc 2 , &N e } of the particles. 

On the cylinder, the single-particle states in Landau 
level p are 

V pfe (r) = (V^2V£ir 1/2 e- 2(7rfc/il)2 

x H p (y + k^)e 27Tlkz/Ll e-y 2 / 2 , (A7) 
Li 

where z — x + iy and H p is the p :th Hermite polynomial. 
Here, the lowest Landau level wave functions, V'ofc = V'fej 
are obtained by setting n = in (|A5|) . 
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Consider the electron gas at filling fraction v = p/q, 
where p and q are relatively prime integers and the num- 
ber of electrons. N e = N s p/q, is an integer. The op- 
erators T a = Yii "Urn, (where U a translates electron i) 
commute with H and, since T^ 3 = 1, the eigenvalues are 
e 2 m K a /N s t K a = 0,...,N a -l. However, T x and T 2 do not 
commute: 



TiT 2 



J2-nip/q 



(A8) 



thus T\ and commute and {H, T\, T 2 } is a maximal set 
of commuting operators. T 2 changes Ki by N e and leaves 
the energy unchanged. Hence, each energy eigenstate is 
q-fold degenerate and we can choose to characterize it by 
the smallest K\. Thus, the energy eigenstates are charac- 
terized by a two-dimensional vector K a = 0, N s /q — 1; 
the eigenvalues of T x and T| are e 27riKl / N ° and e 27ri i K ^ N - 
respectively. The vector K a corresponds to, but is dif- 
ferent from, Haldane's vector k a in Ref. [66|, which char- 
acterizes the relative motion of the electrons only. 

The TT-state that is the ground state at v = p/q = 
N e /N s in the TT-limit is a single Slater determinant 
{k\, fc 2 , . . • kpf E } with eigenvalues 



XT 



(A9) 



These TT-states are continuous limits of QH hierarchy 
states, hence the latter have the same quantum numbers. 
The second quantized electron-electron interaction is 



H = 



N,-l 



Vfclfc 3 fc3fc44l4 2 C fc3 C fc4 > ( Al0 ) 



where the matrix elements are 



Vi 



fcl &2&3 &4 



d 2 r 1( fr 2 r k M)r k M) 



xV{\v 1 -v 2 \),p k3 {v 2 )i )ki {v 1 ); (All) 



as in (IMOP : 



H = J2 E f 



v krn i i 



i+S, 

«=0 |m|<fc<^ k > 



C n+m C n+k Cn + k + mCn £^-13) 



where 



Vkrn ^7i J r'rn,n-\-k.n+in+ k .n ^n-\-m,n-\-k,n,n-\-m-\-k 

(A14) 

It follows that the matrix elements arc real and V krn = 
V k ^- m , which assures that H is hermitian. Moreover, 
from the periodicity V km = V k + n N 3 ,m+n'N a and the 
symmetry V km = V- k>m of (|A12|) follows that V km = 
VN 3 - k ,m\ this is used to express the excitation energies 
in terms of V km in Sec. IIII Al 

A general many-body eigenstate of a translation invari- 
ant hamiltonian can be separated into a center of mass 
piece, a relative part and a gaussian factor. Prime ex- 
amples ar e th e Laughlin wave functions at filling fraction 

v = i/ti [Tol | 



r,m/t 1 +(N s -t 1 )/2t ll 
tl \t 1 -N s )/2 



^(iiX^/LiliiiiVLi) 



jMi^-Zjj/L^/L^e-i^y' .(A15) 



Here tf£(z|r) = J2 n e l7TT ^ n+a ^ +27T ^ n+a ^ z+b ^ (sum over all 

1 12 

integers) are the Jacobi theta functions and i?i = "dy 2 is 
the standard odd theta function, m = 0, 1, . . . , t\ — 1 
gives the t\ degenerate states that differ by a translation 
of the center of mass only. QH hierarchy wav e functions 
are given for the torus geometry in Ref. [l08t The non- 
abelian Moore-Read state i s an other example of a state 
that is known on the torus 1 1 OOtl . 







APPENDIX B: GROUND STATES AS Li 



here both the one-particle states ip k and the interaction 
V(r) are periodic an d th e integration is over the torus 
with sides Li and L 2 |l07l |. For the Coulomb interaction, 

^( r ) = S s t - 1 - 1 ~t e ~ + t ' the matrix elements become 

V klk 2k 3 k4 z 



e\v-\-sL\x+tL,2y\ 
u k 1 + k 2 , k3 + k 



2L X L 2 



A' 

°k 1 -k 4 ,q 1 L 1 /2-n 



1 E 

(91 ,92)^(0,0) 

x e 2 l(kl k3 > »■> ,(A12 

eq 

where 5' is the periodic Kronecker delta function (with 
period N s ) and = rii = 0, ±1, . . .. The divergent 

q = term is excluded in (|A12[k it would be cancelled by 
adding a positive (neutralizing) background charge. By 
taking advantage of the translation invariance and mo- 
mentum conservation one can re-write the hamiltonian 



We here prove that the relaxation procedure in Sec. 
ITnl gives the ground state. The energy E of a state 
jrioni . . . 7ijv s -i) with N e electrons can be written in 
terms of the interaction between the N e (N e — 1) different 
ordered pairs of electrons. Let a = 1, . . . , N e number the 
electrons along the circle in positive direction, cf Fig. [4] 
Consider an ordered pair of electrons (a, a + k) and let 
E a , a +k be the interaction energy between these electrons 
taken alon g the path, in the positive direction, from a to 
a- + k. 13l| Each ordered pair is obtained exactly ones by 
letting k = 1, . . . N e — 1, hence the energy becomes 



N e — 1 N c 



N.-l 



E = E E s E E(k) 



(Bl) 



k=l a=l 



k=l 



where E^ is the inter actio n energy for all pairs that are 
A;:th nearest neighbors. [l32| 
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The crucial observation is that it is possible to mini- 
mize the energies E^ k > separately for an interaction that 
obeys the concavity condition ([6]) [(iTj- This condition 
implies that the interaction energy of one electron with 
two other electrons that have fixed positions is minimized 
if the first electron is as close to the midpoint between 
the fixed electrons as possible, ie if the distances to the 
two fixed electrons differ by at most one lattice constant, 
sec Fig. H 

We will show that the state given by the relaxation 
procedure in Sec. IIIII minimizes all the energies E^ and 
hence it minimizes E and is the ground state. 

The energy E^ is minimized as follows. Let ai de- 
note the distance between electrons a and a + k. Then 
Ha=i a " = (in units of the lattice constant), hence 
the average distance between two electrons that are k:th 
nearest neighbors is (ai ) owe = kN s /N e = kjv. This 
is a trivial consequence of the periodic boundary condi- 
tions on the circle and holds for any state |no«i • ■ ■ tin 3 — i) 
with N e electrons. Using the concavity condition ^ as 
in Fig. [3]it follows that E^ k ' is minimized if the distances 
between the electrons in all the pairs of fc:th nearest 
neighbors are as equal as possible, ie if a« for each fixed 
k and a = l,...N e differ by one lattice constant at most. 
First we note that if k = p then the average distance is 
an integer, (a„ ) rae = pjv = q. E^ is thus minimized if 
and only if the distance from any electron to its the p :th 
neighbor is q; thus the state is periodic with a unit cell of 
length q containing p electrons. Consider now the pairs 
of k:th nearest neighbors. Before moving the electrons 
to the closest sites, the separations between the electrons 
in the pairs are all equal, a^\o = k/v, a = l,...,N e . 
Each electron is then moved at most 1/2 lattice constant 

and hence |a4 — kjv\ < 1; note that this is strictly less 
than one since two electrons never move 1/2 lattice con- 
stant each. It then follows that \a^ — a g \ < 2 for any 
a, (3. But this difference is by construction an integer, 
hence |ai — al | < 1. This proves that the unit cell 

constructed by the relaxation procedure minimizes 
for any k, and hence gives the ground state. 

We believe the ground state solution is unique, up to 
the center of mass degeneracy, and have verified this in 
special cases but have not proven it for general v. 



APPENDIX C: QUASIPARTICLE CHARGE 

We here show that the quasiparticlcs proposed in Sec. 
IIIII have the expected charges e* = ±e/q at v = p/q. 
Letting vi = Pi/qi, we find from @ 

Pi = kPi-i + UiPi-2 , q% = Uqt-i + , (CI) 

where on = 1 (—1) is for the upper (lower) equation in 
©■ Consider the quasiparticlcs at i/ n , ie in the ground 
state with unit cell C^- n \ The charge of the insertion 



Q(n-i) j g determined using the Su-Schricffcr counting ar- 
gument. Insert C^™ -1 ' in q n well separated places and 
remove q n -\ unit cells C^ n ' . This preserves the num- 
ber of sites N s but changes the number of electrons by 
6N e = q n p n -i — Qn-iPn- Thus the charge of the insertion 
C (n-i) jg e * = - e SN e /q n . From ([CT]) . we find 

qiPi-i - qi-iPi = -ai(qi-iPi-2 - qi-2Pi-i) ■ (C2) 
Iterating this we find 

n 

qnPn-1 - Qn-lPn = [l(-Oh){QiPo ~ QoPl) 
i=2 

n 

= (-lrijoi , (C3) 

i=1 

where the last step follows from the explicit forms for i/q 
and V\ in Sec. IIIII This gives 6N e = ±1 and hence the 
insertion C^™ -1 -* at v n = p n /q n has charge e* = ±e/g n . 
The conjugate C( n_1 ) obviously has the opposite charge 
e* = zp e /g„ since C^-^C^" 1 ) = CW is the unit cell 
of the ground state and hence is neutral (with respect to 
the ground state). 

APPENDIX D: EXCITATION ENERGY AS L 1 -> 

We here provide background material for the calcu- 
lation of the energy of a particle-hole pair in Sec. IIIII 
We consider explicitly the ordering in (fT6|) , but the argu- 
ments generalize immediately to (|17[) . First we show that 
the replacement (|15|) . which creates a nearest neighbor 
particlc-holc pair, simply amounts to moving one electron 
one lattice constant in the ground state unit cell C^. 
Using ((9|), and the definition of C(™ _1 ), it is straightfor- 
ward to show that C^-^CC"- 1 ) a nd C^- ^C^"^ only 
differ in the ordering of C 1 -™ -2 -' and C( n ~ 2 '; thus the orig- 
inal problem is mapped onto the equivalent problem at 
the previous level in the hierarchy. Iterating this all the 
way to level one we can use the explicit form of the unit 
cells C*- 1 -* and CW to verify that one electron has moved 
on lattice constant only. 

To prove the induction step, we first consider the case 
where the last condensation leading to C^ n ^ is of the first 
type in ©. Using = C^-tC^-® we find 

C (n-l)Q(^T) = G (n-l) c (n-l) c (n-2) 

= c£:! ) C (n - 2 )C("- 2 >C< n - 2 ) (Dl) 

and 

C(n-i)c(" -1 ' = c[" _ ^C ( ™ _2) C (n_i:i 

= c£:pC< n - 2 >C< B - a >C(»- a ) , (D2) 

which clearly only differ in the ordering of C^™ -2 - 1 and 
Q(n-2)_ Yot the second type in we identify C( n_1 ) = 
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c£la )c(n-2) and find 

C («-l) C (n-l) = c (n-l) C („_2) 

= C^Z^C^-^C^- 2 ) C("- 2 ) (D3) 

and 

C (n-i) C (n-i) = c^Z^C^-^C^ 1 ' 

= C^Z^C^-^C^-^CC™- 2 ) , (D4) 

which also differ only in the ordering of C^" -2 -* and 
C(™ -2 ). This concludes the proof. 

Note that the creation of a nearest neighbor pair as 
in (|15p amounts to a translation of a single unit cell as- 
suming periodic boundary conditions on this cell. The 
finite distance case (|16p amounts to repeating this for 
s consecutive unit cells, ie translating them with peri- 
odic boundary conditions on each cell separately (this 
is actually equivalent to translating all s cells together 
with periodic boundary conditions on the set) . Since one 
electron is moved one lattice constant for each unit cell, 
s electrons forming a lattice with lattice constant q arc 
moved rigidly one lattice constant in (|16p . 

We now derive the expression (fT8|) for the energy of a 
particle-hole pair. To do so we divide the electrons into 
three disjoint sets A, B, C, where set A consists of the s 
electrons that moved under (fl6|) (these electrons are all 
in the region between the particle and hole). We now 
note that the action of (JTHJ) can alternatively be achieved 
by translating first all unit cells so that the particle-hole 
region agrees with the one obtained using (|15[) . and then 
translating all unit cells outside the particle-hole pair re- 
gion back to their initial positions. The first step does 
not change any interactions while the second step moves 
one electron per unit cell outside of the particle-hole pair 
region — these electrons form set B. Again, the electrons 
in set B form a regular lattice with lattice constant q. Set 
C consists of the remaining electrons. From the first con- 
struction follows that all the relative distances between 
the particles in the set B U C are unchanged and from 
the second that the same holds true for the particles in 
A U C; in addition all relative distances within each of 
the three sets are unchanged. 

The energy of a state is the sum over the interaction 
energies of all pairs of electrons, and the energy of an 
excitation relative to the ground state is the sum of the 
change of all such terms. It follows from the above that a 
pair energy can change only if one particle is in A and the 
other is in B. In the ground state the electrons in A U B 
form a lattice with lattice constant q; the particle-hole 
excitation is obtained by translating a string of s adjacent 
of these electrons one lattice constant. This shows which 
pair energies change; adding the contributions gives (fl8|) . 

We now show that the nearest neighbor particle-hole- 
pair in (|15p is the lowest energy excitation at a given fill- 
ing fraction v = p/q. The ground state is the state that 
minimizes the interaction energy between all pairs of fc:th 



nearest neighbors E^ k > in (|B1[) for all k = 1, N e —1. For 
an excited state at least one E^ must be non-minimal. 
We divide the excited states into two categories: the 
states where E^ n P\ n = 1, 2, . . . , (N e - l)/p, are mini- 
mal and those where they are not. The former are the 
periodic states with exactly p electrons on any q consecu- 
tive sites. The nearest neighbor particle-hole excitation is 
obtained by moving one electron one lattice constant and 
is hence a non-periodic state. We have seen above that 
only the distances to the np:th neighbors change, hence 
only E^ npS> change for this excitation. Furthermore, the 
change in E^ np ' is the smallest possible, as implied by 
the concavity condition (JSJ) (see also Fig. [3]), thus the 
nearest neighbor particle-hole pair is the smallest energy 
non-periodic excitation. The periodic excitations have a 
much higher energy since they violate the ground state 
conditions within each unit cell, thus their energy diverge 
with the size of the system. 



APPENDIX E: LAUGHLIN AND JAIN STATES 

AS £i ^ 

Here wc show that the L\ — > limit of the Laughlin 
and Jain states, and of their quasiparticle excitations, 
are the TT-states and quasiparticles given in Sec. III. 
For the ground state at v = 1/3 this was shown in Ref. 

For simplicity, we give the argument on the cylinder 
rather than on the torus. Expressing the wave functions 
in terms of z and y, the projection onto the lowest Lan- 
dau level is achieved by moving y to the left and letting 
y — > id z , where the derivative should not act on the fac- 
tor e~ y / 2 ; this is a straightforwa rd ge neralization of the 
method given by Girvin and Jach [l 10t | . Throughout this 
Appendix the overall factor e~^ iVi ^ 2 is omitted in all 
wave functions as it is not affected by the projection. 

The Jain state at v = p/(2mp + 1) on the cylinder 
takes the form [2l[ 

=Det[%(f i )7i] , (El) 

where 

li=J\{Pi-Pi) m , A=e 2 ^' /Ll . (E2) 

r]i(rj) is a Landau level wave function ip n k(^j) (| A7|) 

^„k(r)ae~ 2( £ )a fT n (y + fc^))8 fc , (E3) 

^i 

and f]i{ij) is the operator obtained from this wave func- 
tion by letting yj — > id Zj . The rji(rj) are chosen as the 
one-particle states in the p lowest Landau levels. (Note 
that d z acts within one term in the determinant; this 
corresponds to Jain's second method of projecting onto 
the lowest Landau level [H|.) 
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Consider first the Laughlin states, v = l/(2m + 1), 
then 77 are the lowest Landau level wave functions 



r?(r) = ?/>ofc oc e 



5" 



(E4) 



(Only a single Slater determinant of one-electron states 
survives when Li — > 0, hence we can ignore multiplicative 
Li-independent constants in the wave functions.) In this 
case there is no dependence on y and no need to project 
onto the lowest Landau level; (|E1[) of cour se gives the 
Laughlin wave function on the cylinder 111 



2m+l 



(E5) 



We want to translate this wave function to an occupation 
number basis, ie to write it as a sum of Slater determi- 
nants of one-electron states. This is achieved by noting 
that (3 k corresponds to the unique lowest Landau level 
one-electron state ip^. (IA7[) . Thus, replacing 



ft 



4>0k 



(E6) 



in (|Elj) . or in this case in (|E5j) . the Slater determinants 
can be read off; these states all have the same K\ = J^ki- 
Because of the factor in (|E6[) the state with the largest 
kf dominates when L\ — > 0. This is clearly the state 
obtained by first choosing one k as large as possible, then 
the next as large as possible and so on (all fcj are different 
because of the Pauli principle) . It is easy to see that the 
Tao-Thouless state with unit cell 02 m l is contained in 
(|E5[) and that it is the state which maximizes ^\ kf for 
the given K\ = J^iki- Hence, it is the limit of ^ 1 as 
L\ — > 0. The quasiparticles are discussed below. 

We now turn to the Jain states, where p > 1. The 
determinant in (|E1[) then contains the wave functions, 
ipnk, n = 0, 1, ... ,p — 1 of the p lowest Landau levels. 
Projecting ip n k(^i)ji onto the lowest Landau level, y — > 
id z , gives 

of k-K \2 27T 1 

MhH oc e - 2{ -> H n (id Zi +k— )/3* 7i 



Defining 



e- 2( *T )2 /3fff„(z9 Zi ) 7 , 



- 27r Y^c $ \t 



(E7) 



(E8) 



we have, using d Zi fti = j^fti. 



d Zi a lt = t(a u - CLi t+i) 



(E9) 



Since the Hcrmitc polynomial H n is an n:th grade poly- 
nomial in d z it follows that 



(ElO) 



where polynomial in Oiu- 

Forming the determinant in (|Elj) . using (|E10j) and not- 

ing that n«7, = Ui^jifii ~ = Yli<j{Pi ~ ftj? m = 
^ 1 is the ^ = l/2m bosonic Laughlin state, one finds 
that (IE1D can be written as 



_z_ oc Det[M {nfc}l ]*, 



where 



ill 



(Ell) 



(E12) 



Here, {nfc} denotes the first index of the matrix M: 
n = 0, 1 . ..p — 1 numbers the Landau levels and k — 
0, 1, . . .N — 1 numbers the states in each level. The sec- 
ond index numbers the electrons, i = 1,2,.. .piV. 

We have expressed ^ p in terms of /3 and can now 



translate it to the occupation number basis using (|E6|) . 
Just as above, the leading order term will be the one 
that maximizes kf. One finds that this is obtained by 
taking the state with maximal J^i kf in ^> — this is the 

TT-state with unit cell 02 m -il. An element ft\ in M acts 
as an operator on the occupation number states in ^ \ . 
translating particle i to the right k steps, ie increasing 
its momentum by k. The elements ft\m.i n , n = 1,2,... 
also move the i:th particle k steps to the right just as 
ft\ alone does. This is because polynomial in 

an and it can be seen that such terms do not change 
the highest power of fti when acting on ^>^, cf (|E8[) . 
Considering the action of a term in the determinant it 
follows that it will move groups of p electrons k steps to 
the right, where k = 0, 1, . . . , N — 1. We see that Yli kf 
is maximized if the p leftmost electrons, ie the ones with 
smallest fcj, are not moved, then, moving to the right, the 
next p electrons are moved one step to the right and so 
on until finally the rightmost set of p electrons, the ones 
with the largest fcj, are moved TV — 1 steps to the right. 
This gives the TT-state with unit cell 02 m l(02 m -il) p -i. 

To clarify the limit, we consider v = 2/5 explicitly. In 
this case, p = 2, m = 1, and thus there are 2A^ particles — 
N in each of the two effective Landau levels. From (|E11[) 
and (|E12|) it follows that we can write the wave function 
as 



\1>2 = 



N- 



1 mi 1 0? lm 2j 



'"12,1 



IT 



2N 1 m2N,i 

h>2N m 2N,l 



mi,i 



m 2 ,i 
V ~ 1 m 2 .o 

m 2 ,o 



oN-l 
^2N 



m 2 N,i 
m 2 N,o 



m 2N n 



(E13) 



To maximize J\ kf we pick one fcj, ie one of the powers of 
Pi, as large as possible in the expansion of (|E13[) . This is 
achieved if and only if the power of is maximized both 
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in the determinant and in ^1. The highest power in the 
determinant is TV — 1 and in 1 it is 2(2TV — 1), thus the 
maximal ki is 5 TV — 3. Next, we need to find the second 
highest power. Again the power from the determinant is 
TV — 1 (note that a given term in the determinant can 
include factors such as $ _1 /3f _1 ) while it is 2(2TV - 
2) from the Jastrow factors thus the total power is 
5 TV — 5. Next one finds that the determinant can only 
contribute a power TV — 2 and that the highest power 
coming from <3/ 1 is 2(2TV — 3). Continuing this one finds 
that the maximal fe, in the determinant decreases by one 
for every second particle while it always decreases by two 
in "J i . This gives the unit cell 00101. From this example, 
the general procedure given above should be clear. 

It is now straightforward to generalize the analysis 
above to quasiparticle states. In Jain's approach, these 
are constructed by replacing one of the one-electron 
states in (|E1[) by a state in a higher empty Landau level. 
Assuming the levels involved are the highest occupied 
and the lowest empty ones, ipp-i,k ~ * ^p,qi this amounts 
to replacing /jfm^p-i by /3|mi jP (for all i and fixed k,q) 
in the matrix M in (|E12[) . This has the effect of mov- 
ing 02 m -il from one place to another in the TT-ground 
state, ie of creating a particle-hole pair of excitations with 
charge ±e/(2m + 1), cf Sec. Ill B. The position of the 
excitation depends on k and q, and in particular one of 
them can be put at the end of the cylinder. 



APPENDIX F: LAUGHLIN STATE ON 
CYLINDER 

The Laughlin state is the exact and unique ground 
state for a certain short-range interaction and there is a 
gap to all excitations [77], [zl, [zH ■ The proofs were for- 
mulated using spherical or disk geometry. The essential 
ingredient is, however, only the short-distance behavior 
of the wave functions when two electrons approach each- 
other — thus it may be regarded as obvious that the result 
holds also on the cylinder (or torus) for arbitrary circum- 
ference L\\ this result is in fact implicit in Ref. [5l|. There 
has, however, been some controversy on this point and 
as the result is important in establishing that the state 
develops continuously without a phase transition from 
the TT-state for small L\ to the two-dimensional bulk 
Laughlin state as L\ — > oo, we here explicitly show that 
the Laughlin state is the exact and, up to rigid transla- 
tions, unique ground state on a cylinder for a short range 
interaction and that there is a gap to all excitations for 
any L±. Our argument follows closely that of Trugman 
and Kivelson |78j . 

A fcrmionic many-particle state in the lowest Landau 
level is a sum of Slater determinants 

*({*}) = !>{M det (^( r j)) 



- /({A})e" E ^ ?/2 , (Fl) 



where ipk are lowest Landau level single particle states 
on the cylinder (|A7|) and Pi = e 2lTiZi / Ll . The range Ak 
of the momenta ki restricts the system in space and thus 
depends on the number of particles and the filling factor 
v = p/q. The filling factor is the number of electrons di- 
vided by the number of sites, v = N e / (Ak + 1). Because 
of the g-fold translational degeneracy, A A; = AA; — (q— 1), 
where Ak is the range of momenta in /. / is an anti- 
symmetric polynomial in (3i, hence it contains the Jas- 
trow factor J = Y\i<j (ft — Pj ) ■ The problem of minimiz- 
ing the energy of a specific electron-electron interaction 
in the lowest Landau level is thus reduced to finding the 
polynomial / that gives the lowest energy given the above 
constraints. (This is in complete analogy with the prob- 
lem in the plane where the polynomial is instead in terms 
of 7 H .) 

Consider now the repulsive interaction 

oo oo 

V(r) = ^y s (r)=^c s 6 2s V 2 ^ p (r) , (F2) 

s=o s=a 

where b is the range of the interaction, c s are positive 
constants, and 5 p (x, y) = 6(x+nLi, y) is the periodic 
delta-function. The leading term, ( Vq }, is identically 
zero for any fermionic state. By assuming b — ► only the 
leading non-vanishing term in ()F2[) contributes to the 
energy E = ( V(r) ). 

The expectation value of V s is 




(F3) 

where we have integrated by parts [1 331 ] , and changed to 
relative coordinates for the pair that is affected by the 
interaction, z = Z{ — Zj,Z = (z.i + Zj)/2, d = d/dz. 
Performing the derivatives in the integrand gives 

S 

x[d s fd s f+ Yl <*rtV f&fl . ( F4 ) 

r,t=0,r+t^2s 

for some a r t- For s = 1, only the first term contributes 
to (Vi) since /(0) = 0, and this term is non-negative 
( Vx ) > 0. ( Vi } = if and only if df\ z=0 = 0; if this is 
the case then only the first term in (|F4[) for s = 2 con- 
tributes to ( V2 ) and ( V-2 ) > 0, the equality sign holding 
if and only if df\o = df 2 \o = 0. This continues to any 
order in s and we have that ( Vt ) = for t = 1, 2, ... s, 
and ( V s+1 ) > 0, if and only if 0*/|o = for t = 1, 2, . . . s. 
This means that / vanishes at least as fast as z s+1 when 
2^0, and since this holds for any Zi — Zj = z and 
/ is an antisymmetric polynomial in it follows that 
/ contains at least s + 1 powers of the Jastrow factor: 
/ = J s+ /, where / is a new polynomial in /3j. 

Consider the truncated interaction V^(r) = 
^ =0 Vt(r). We have found that a state has vanishing 
energy if and only if / = J s+1 f. These are the ground 
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states: All other states have positive energy since, as 
6^0, only the first non-zero (V t ) contributes and this 
is non-negative according to the discussion above. 

For / = 1, / is the Laughlin state at filling factor 
v = l/(s + 1) which thus is a ground state; it is unique 
since any non-constant polynomial / decreases the filling 
factor. This proves the proposition. 

On the torus, an analogous argument implies that the 
zero-energy states must contain a factor rii< :( ^i(( 2 i ~ 
Zj)/ L\\iL2/ L\) s+1 , which together with the boundary 
conditions specify the Laughlin state on the torus (|A15[) 
uniquely up to the s + 1— fold center of mass degeneracy 



and H sr is the nearest neighbor spin 1/2 xy-chain, 



N.-i 



V21 H+i s p + s p +i s p ] ' ( G6 ) 

where = and V21 > 0. We diagonalize_H jSr . fol- 
lowing the standard procedure, see eg Ref. Il05l . Ill3l 
Expressing the (hard core) bosons in terms of fermions d 
using the Jordan- Wigncr transformation, 

s- = K p d p , K p = e™ & d ' d * , (G7) 
the hamiltonian becomes that of free fermions. 



N e ~2 



APPENDIX G: EXACT SOLUTION AT v = 1/2 

Here we give details of the exact diagonalization of the 
short-range hamiltonian (|27|) [35[ . 

The crucial part in (|2"T)) is the hopping term V21. 
However, we begin by considering the electrostatic part 
H ar \v 21= a, which has eigenstates with fixed charges, 
\noni...riN g _i) . The energy of such a state is 



(Gl) 



E = a(— + n m + tiqoo) , 



where, nm (nooo) is the number of 3-strings [134| . ie 
strings consisting of three nearby electrons (holes) in 
noni...njv a -i- Thus there is a degenerate ground state 
manifold Ho consisting of all states where at most two 
electrons or two holes are next to each other. The energy 
Eq follows by writing the right hand side of (jGlj) in terms 
of hi and comparing to l(2"7|) . 

To proceed we define a subspacc H' of the full Hilbcrt 
space by requiring each pair of sites (2p, 2p + 1) to have 
charge one (acting with T 2 gives an equivalent grouping 
of the sites (2p — l,2p) and a corresponding subspace 
TL' T ). As we will demonstrate below, H sr preserves the 
subspace H' and can be exactly diagonalized in this sub- 
space giving non-interacting neutral fermions. Note that 
H' C Ho, thus any state in H' has the lowest possible 
electrostatic energy. As argued in the main text and in 
Ref. [HI, H' also contains the low-energy sector of the 
hopping term V21 and thus of the hamiltonian H sr (|27p . 

There are two possible states for a pair of sites in H': 



||> = |oi>, |T) = |io) 

introducing the spin operators 



Sp — C 2p C2p+l , S p — C 2 p +1 C2p 



where p = 0, 1, . . . N e — 1, we have 

s + ID = |t>, «-|T) = U) 



(G2) 



(G3) 



(G4) 



On states in 7i', s + , s~ describe hard core bosons — they 
commute on different sites but obey anti-commutation 
relations on the same site 



{ s i,4} = 1 > i s i, s i} = {4,4} = > 



k > 3 j 



(G5) 



H sr = aN e + V21 [dp+idp + dJiT We _idjv e -i + he] , 

p=0 

(G8) 

when restricted to H'. The explicit if -factor can be ig- 
nored for N e — > 00 |ll2| : however, H sr can be diagonal- 
ized exactly also for finite N e including this if -factor by 
noting that, in this term, Kn^-i = (— ) T+1 , where JVj 
is the number of up spins in the state. Thus 



AT.-l 



H sr = aN e + V21 J2 \- d l+i d P + 4 d P+i] > ( G9 ) 

p=0 

where djv e = (— ) Nl:+1 do- Since N-[ is conserved by H sr , 
we can diagonalize H sr by the Fourier transformation 



dj = 



= Ye^ k d k , 

1 AT.-l 

= y e^ k d, 



(G10) 



3=0 



where for iVf odd 

k— = 0,±l,±2,---±(— -1),— for N e even 
2tt v 2 ' 2 

k^- = 0, ±1 ± 2, • ■ ■ ± - \) for N e odd ;(G11) 

Z7T Z Z 

whereas for N^ even, k is shifted by —ir/N e : 



2tt 2tt 2 



(G12) 



Note that this implies that different sets of momenta k 
are used in states obtained when acting with an even or 
odd number of operators eft on the Fock vacuum 



JJ4J010101 

3=1 



(G13) 



It can be shown that (jG13j) are eigenstates of T\ and 
with eigenvalues 



Ki = —N\ + N t 
K 2 



Ne^, N e {N e -l) 

2^23+ 2 

3=1 



(G14) 
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The hamiltonian becomes 

H sr = aN e + 2V 2 i ^2 cos k d\d k . (G15) 

k 

The ground state is obtained by filling the lowest en- 
ergy states respecting the condition that an odd (even) 
number of states must be filled when k takes the values 
in (|G11|) (is shifted by —ir/N e ). For N e even, a unique 
ground state is obtained by filling all the negative energy 
states 

\GS) = ' [ 41010101...) . (G16) 

|fc|>f 

For iV e odd, the ground state is obtained by filling all the 
negative states except for the highest, or alternatively all 
the negative states and the lowest positive state. This 
leads to a four-fold degenerate ground state (in Ti.'). This 
degeneracy corresponds to reflections of the Fermi sea in 
horizontal and vertical lines that give new Fermi seas for 
odd N e but not for even N e , see Figs. [5J 

This solves the problem in Ti.' and, by action of T 2 , in 
7i' r . When N e — > oo, the ground state has energy 

E/N e =a- — (G17) 
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see Sec. IIVB2I 

As well as states at all fractions in between just as was 
the case when going from 1/3 to 2/5. [129] 
Of course more complicated scenarios are possible where 
there are intermediate phases and the QH phase is reen- 
trant. [130] 
However, there is a confusing comment in Ref. [5l| on 
observed gapless modes which seems to say that such 
bulk modes are expected. 

If one instead groups sites 2p— 1, 2p, one gets a restricted 

Hilbert space H'q- that is related to H! by a T2 symme- [131] 

try operation. The hamiltonian in JTJ have vanishing 

matrix elements between the states in H' and TCq- since [132] 

T2 is conserved and these spaces have no common states 

except for the two TT-states with unit cell 01. [133] 

Note that A2 n need not be positive for finite L\ 

Of course, we do not exclude other types of states at [134] 

even denominators, such as the Moore-Read state dis- [135] 

cussed below. 

Ignoring the two filled Landau levels, this becomes effec- 
tively a v = 1/2 problem albeit with a modified electron- 



electron interaction Vkm since only the one-particle wave 
functions change. 

These TT-states can also be obtained as the limits of 
the bulk Moore-Read wave functions generalizing the 
methods of Appendix lEl to the torus. 
The mapping to the one-dimensional model can be done 
in any one Landau level. Replacing the lowest Landau 
level wave functions tpk with the ones in a single higher 
Landau level in the end only affects the matrix elements 
V krn in 0). 

The electrons are numbered from 1 to iV e , hence a + k 
should be understood as (a + k) mod(iV e ). 
The two orderings of a pair are, in general, contained in 
different E {k) . 

The boundary terms vanish as is readily seen by consid- 
ering the yij -integrals. 

A string of length k > 3 is counted as k — 2 strings. 
In the lattice description, the amplitude of the (period 
two) charge density wave is 1/N S — l/(2JV e ) when N e 
is odd and zero for even N e . 



